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Bubbles in liquid-filled capillaries feature in many practical applications. Here we describe the equilibrium shape
of a bubble in a horizontal capillary of circular cross section, as computed numerically using energy minimi-
zation. The data is presented in terms of empirical scaling laws for bubble extension along and perpendicular to
the tube axis, over a large range of the ratio of cylinder to bubble diameter and Bond numbers. We also consider

the limiting case of a bubble underneath a flat plate, for which approximate analytical solutions are available.
Furthermore, we deduce an equation for the mean curvature of the gas-liquid interface and the variation of
contact areas, the latter being of relevance also for estimating the wall drag forces of flowing bubbles.

1. Introduction

Static or quasi-static gas bubbles in liquid-filled capillaries feature
prominently in many biological and engineering applications (Batch-
varov et al., 2020; Esmaili et al., 2019; Khodaparast et al., 2017; Picchi
etal., 2021), including oil-gas field development (Feng et al., 2022), soil
remediation (Forel et al., 2019), and hydrogen production (Lake et al.,
2022). A more recent application is bubble-assisted geological CO5
sequestration (Fgyen et al., 2020; Pandey et al., 2021), where gas bub-
bles are trapped in the capillary channels of a porous subsurface for-
mation and thus increase the CO storage capacity. The size and shape of
these channels vary widely, affecting the bubble shape in these
restricted spaces. Knowledge of the change in bubble pressure and film
stresses in response to the local channel geometry (Jing and Feng, 2022;
Jing et al., 2022), will help to understand the mobility of the CO, filled
gas bubbles.

The case of an elongated bubble moving through a horizontal capil-
lary has been widely investigated and is of relevance to microfluidics or
lab-on-a-chip technology (Abbyad et al., 2011; Aquino et al., 2023;
Arias and Gonzalez-Cinca, 2016; Magnini et al., 2019, 2022; Murai et al.,
2007; Perkins and Li, 2020). A circular cross-section of the capillary
results in approximately cylindrical bubble shapes (Atasi et al., 2018;
Zhao et al., 2018), with the formation of a thin liquid film separating the
bubble from the capillary wall (Atasi et al., 2018). The variation in width
h of this film as a function of bubble velocity has been widely studied and
various empirical equations have been proposed (Chen et al., 2023), in
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particular for elongated bubbles (Atasi et al., 2017; Danov et al., 2021;
Jones et al., 2021; Moran et al., 2021). Such work dates back to Taylor
(Taylor, 1960), who showed that the ratio h/R. (where R, is the channel
radius) asymptotes to 1/3 for Ca — 2. Here Ca is the dimensionless
capillary number, Ca = uvy/0, where p is the viscosity of the liquid, vy, is
the bubble velocity, and o is the surface tension of the gas-liquid
interface. Subsequently, more detailed descriptions of the shape of the
bubble, and thus the local thickness of the liquid film surrounding it
have been obtained, together with respective scaling relations (Atasi
et al., 2018; Chen et al., 2023).

However, up to now, a detailed quantitative description of the
equilibrium shape of a static bubble (Ca =0) in the curved confinement
of a capillary has been missing. In the static case, forces exerted on a
bubble in equilibrium in a liquid-filled capillary are due to buoyancy,
surface tension and contact with the wall. Unlike hard spheres, bubbles
are deformable and will adapt their shape to the given confinement. The
balance between surface energy and gravitational energy (buoyancy) is
expressed in terms of the dimensionless Bond number, Bo = ApgRy2/o,
which determines the bubble shape (R is the radius of an undeformed
spherical bubble, Ap is the density difference between liquid and gas,
and g is acceleration due to gravity). Hard spheres correspond to the
limit Bo —0; the larger the Bond number, the more deformable or
“softer” the bubbles are. The shape of a bubble thus depends on both the
geometry of the confinement and the Bond number.

In particular bubbles of diameter smaller than the diameter of the
capillary cannot be approximated by a cylinder. In this paper we will
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present descriptions of bubble shape in terms of bubble dimensions
along and perpendicular to the axis of the capillary for a range of Bond
numbers and size ratios, Dy, of cylinder to bubble diameter, D,, = D./Dy,.
The results are obtained via a minimization of the sum of surface and
gravitational energies of the bubble. The limit D, — oo, corresponding to
a bubble underneath a flat plate, allows for analytical expressions
describing its shape. These will be obtained from the Morse-Witten
model (Hohler and Weaire, 2019; Morse and Witten, 1993) (in the
limit Bo —0) and from a simple geometrical model (in the limit Bo — ).
Furthermore, all our simulations and analytical results correspond to the
case of static bubbles placed in a horizontal liquid-filled cylinder, with
an infinitesimally thin liquid film where the bubble contacts the cylinder
wall. The contact angle is set to zero. This is the simplest case that one
can consider; modifications could include allowing for a finite contact
angle and a finite thickness of the wetting film. In a dynamic situation
bubbles may also break-up due to shear (Yan et al., 2023).

2. Computational methods and characterization of bubble
shapes

In static/quasi-static mechanical equilibrium, the shape of a bubble
in this channel is determined by energy minimization (Cox et al., 2023),
which is similar to many processes in nature (Glushkova et al., 2023).
Therefore, the energy minimum method is especially suitable for this
quasi-static bubble system. The energy which we wish to minimize for
given values of bubble and cylinder diameter is given by

Emmlzﬁ//dsf ///(pﬁpg)gzdv @
N v

where the integrals are over the surface area S of the bubble and its
volume V, respectively. The coordinate system is indicated in Fig. 1(a).
The x-axis coincides with the cylinder axis, and z is pointing upwards,
against the direction of gravity. The density of liquid and gas are
denoted by p; and pg respectively. For the case of a gas bubble in an
aqueous surfactant solution, as considered in the following, pg is
negligible.

We use the Surface Evolver software (Brakke, 1992) to first set up the
topology of a bubble constrained in a horizontal capillary, the constraint
of which is given by y2+z2 §D§/4; see Fig. 1(a). Acceleration due to
gravity, g, liquid density p;, and bubble volume V are set at the outset,
and are kept constant throughout the simulations. The curved bubble
surface is represented as a tessellation of small flat triangles. The
minimization of energy (Eq.(1)) proceeds via iterative movement of the
vertices of these triangles under the constraints of conserved bubble
volume and channel boundary (Ginot et al., 2019). We then refine the
tessellation of the bubble surface and simultaneously apply the conju-
gate gradient algorithm to minimize its energy. A system is considered
converged when further refinements and/or iterations of the conjugate
gradient method yield only small improvements in the total energy, in
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our case the threshold for convergence is approximately 1074 This
corresponds to a computation time on a home computer (CPU: i7-9700)
of approximately 4 min.

Fig. 1(a) shows an example of a bubble for Bond number Bo = 0.510,
channel diameter D, = 3 mm and bubble volume V =0.01 cm®. The
bubble is pressed upwards (positive z-direction) against the cylinder by
buoyancy, while at the same time experiencing expansion in the lateral
direction of the cylinder (x-direction) due to volume conservation. There
is also expansion in the y-direction, however this is limited by the cyl-
inder radius. The cross-sections in Fig. 1(b) and (c) illustrate how the
bubble shape changes in response to a decrease in channel diameter.
This is quantifiable by computing the maximal bubble extensions by, b,
and b, in x, y and z direction, respectively. Their variation with cylinder
diameter is shown in Fig. 1(d) and will be discussed below.

We have also repeated the studies for a range of different bubble
diameters Dy, and thus Bond numbers, Bo, to explore the effect of bubble
softness. Fig. 2(a) —(c) shows the dimensionless bubble extensions b,/Dy,
by/Dy and b,/Dy as a function of the ratio D, of cylinder to bubble
diameter, D,, = D./Dy, for different values of Bo.

For D, $ 1 (i.e., a lower Dy), the bottom of the bubble is in contact
with the cylinder, and thus b,/Dy, = by/Dp = Dy, which can be seen from
the insets in Fig. 2(b) and (c). Conservation of volume requires that b,/
Dy, diverges (— o) for D, — 0, as the bubble elongates in the direction of
the cylinder axis. In this regime the bubble may be approximated as a
sphero-cylinder (a cylinder with spherical caps at both ends, with the
diameter of the cylinder (i.e. bubble) equal to that of the confining
cylinder). In the limit D, —» oo (the flat plate limit), symmetry dictates
that by/Dp and by/Dy, tend to the same asymptote (by/Dy is decreasing,
by/Dy is increasing), whose value is determined by the Bond number Bo.
Also the critical value D,*, at which the bottom of the bubble loses
contact with the cylinder, depends on the Bond number; for hard spheres
(Bo = 0), D,*=1, with smaller values for larger Bo. For values of D,
slightly larger than D,*, the vertical bubble extension b,/Dy, decreases
with D, approaching a Bond number dependent asymptotic value which
is less than that of the corresponding common asymptote for b,/Dy, and
by/Dy. This decrease of b,/Dy, is driven by a lowering of the potential
energy of the bubble. Additionally, in the context of liquid flow, D, >
D, * marks the regime for which liquid can pass freely underneath the
bubble, for smaller values the bubble blocks the cylinder.

The values of by/Dy, by/Dy, and b,/Dy, in the flat plate limit (Dp, — o)
depend on Bo, see Fig. 2(a)-(c). Fig. 2(d) shows the asymptotic values in
the flat plate limit, by, e, by, and b , as a function of Bond number, Bo
(the asymptotes by, and by, are identical, due to symmetry). This
figure also shows results from a numerical solution of the Young-Laplace
equation for a bubble underneath a flat plate, as obtained using a
standard numerical algorithm (Pozrikidis, 2016). In the case of an
axisymmetric bubble held under a plate by buoyancy, the
Laplace-Young equation can be parametrized by defining the interface
by a slope angle. The parametrised equation can then be solved using the
shooting method to fulfil the constraint of volume conservation. The
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Fig. 1. (a) Surface Evolver simulation of a single bubble (Bo =0.510) resting in a liquid-filled horizontal cylinder. (b) and (c) Views from the x, y and z directions,
respectively for simulations of a bubble of fixed volume 0.01 cm® (corresponding to Dy, = 2.67 mm), placed in the cylinders of diameter D, = 3.0 mm and D, = 2.2
mm, respectively (¢ = 0.034 N/m, p; = 1000 kg/m3, £=9.79 m/! s2). (d) Variation of the maximal extensions in X,y and z direction, b, by, b,, as a function of cylinder
diameter, D.. The inset shows a photograph of bubbles in a 0.2 wt% SDBS solution in a horizontal cylinder (D, = 5 mm,s ~ 0.034 N/m), used to provide some

experimental data.
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Fig. 2. (a)-(c) Dimensionless bubble extensions b,/Dy, b,/Dy, and b,/Dy, as a function of D,, = D./Dy,. D,,* denotes a critical value for D, at which the continuous linear
variation of the slope a =1 disappears, i.e., the bottom of the bubble loses contact with the cylinder. For each of the Bo values, there is a corresponding D, *. D, r, is the
value of D, at which b, reaches a maximum b, n,. (d) Variation of the asymptotic values by, o, by, and b,, o, with Bo in the limit D,, — c, i.e., for a bubble underneath
a flat plate as obtained from our simulations, numerical solutions of the Young-Laplace equation, and the Morse-Witten model. The solid lines are the semi-empirical
relations of Egs. (4) and (5). (e) Variation of the maximum of b,, with Bo. The solid line shows the least square fit of Eq. (7). The flattening of the bubble for higher

Bond number is clearly visible in the sample images that are shown.

computations are in excellent agreement with Surface Evolver calcula-
tions, see Fig. 2(d).

Analytical results for a bubble underneath a flat plate (D, —» ) are
available in the limits Bo — 0 and Bo — oo. In the hard sphere limit, Bo
— 0, the model of Morse and Witten (Hohler and Weaire, 2019; Morse
and Witten, 1993), which uses an approximation of the Laplace-Young
equation in that limit, results in the following expressions for by = b, and

b,:

b b Bo b, Bo Bo

oD o4 Eol4—In(—). 2
Dy D, 6 DT “(6) 2

In the limit Bo — 0, the expressions offer a good description of the
data (see the dashed line in Fig. 2(d)). For Bo =0 the above expressions
reduce to by = by= bz = 1, corresponding to a spherical bubble
shape.

In the limit Bo — oo, a bubble underneath a flat plate can be modelled
as a surface of revolution of a stadium, i.e., a rectangle with ends capped
off with semicircles. Their radius of curvature is determined from the
Laplace-Young equation. The pressure difference across the interface is
set equal to the ratio of buoyancy force to the area of contact that this
“pancake-type” bubble makes with the flat plate. Using volume con-
servation then results in the following two expressions, valid for b,/Dy
< < 1, as in the case of large Bo.

b, b, \F e, b 1
— =—==14/zBo"; =—".
Db Db 3 Db Bo!/?

3)

Combining the asymptotic expressions from both Morse-Witten and
the pancake models yields the following empirical expression for b, and
by in the limit D, — oo as a function of Bo:

Bo

b)(.OO
== t—
6 + cBo#

D, Dy

by

4

where the constant ¢ = 1/3/2 ~ 1.22, according to the limit form in Eq.
(3). The solid line in Fig. 2(d) shows that the functional form of Eq. (4)
provides an excellent description of our data. Here we determined the
constant ¢ = 2.14 from a least square fit of our data over the range 0 <

Bo < 4.4.In addition, the variation of b, ., over that same range of Bo can
be described by the empirical form

b, 1

Dy 1+ 0.38B0"7 ©)

We note that the fitted exponent of Bo exceeds the value of 1/2 as
obtained from the pancake model for the limit Bo - oo (Eq. (3)). This
might be due to the fact that in this model the convex bottom of the
bubble is approximated as being flat, which could affect the scaling of
vertical bubble extension with Bo.

The vertical bubble extension b, reaches a maximum at a value Dy, p,
which is slightly higher than D,*, see Fig. 2(c). Dy, can be described
empirically as

1

Dun =170 198005 ©®

The value of b, max = b;(Dn,m) decreases with increasing Bo, as shown
in Fig. 2(e), and is well described by the empirical expression

bl‘max 1

Dy  1+0.230Bo%%61"

)]
The following heuristic expression, valid for D, > Dpp, is con-
structed, so as to fulfil the various limits D,, = D, m(Bo), Dy, = 0, Bo — 0,

_ b _ b:.max - bzm
T T 14d(Bo)(Dy — Du)

b (8

This describes all data shown in Fig. 2(c), with the pre-factor ¢ (Bo)
determined empirically as

40

¢(Bo) = {15401

€©)

In Eq. (8), by e, bz,max and Dy, can be calculated by Egs. (5), (7) and
(6), respectively.

3. Mean curvature of the gas-liquid interface

Another approach to determining the shape of the bubble is to
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examine the curvature along the interface. This is related to the gas
pressure p in a bubble in a liquid by p = pjiq + 20k, where « is the mean
curvature of the gas-liquid interface, with the pressure gradient in a
static column of liquid given by dpjiq/dz=-pg. Generally, the pressure
inside the bubble is treated as constant due to the negligible density of
gas. Thus, for each point (x, y, 2) on the bubble interface, 20x-pgz=const.
Here we are interested in the mean curvature «y at the lowest position,
20, of the bubble interface. For a given Bo and Dy, 2y is readily obtained
from Eq. (8): o= D./2-b,, and we can thus determine the curvature at
the lowest position of the bubble. Fig. 3(a) shows that x, decreases
monotonically for increasing D, and Bo.

In Fig. 3(b) we show g as a function of Bo for a bubble underneath a
flat plate. In the limit Bo —0, we can obtain an expression for the cur-
vature from the Morse-Witten approach

2

. 10
1+%Bo 10

Ko, Db =

When Bo =0, the bubble is a hard sphere andko, = 1 /R. In this case,
K0.0Dp = 2. In the limit Bo —o0, the curvature tends to zero. Fig. 3(b)
shows a fit to

2

- 11
14 ¢Bo + ¢,Bo?’ an

Ko.oDp =

over the entire range of Bond numbers for which we carried out Surface
Evolver simulations, resulting in c;=0.31 and ¢3=0.05. The prefactor c;
is close to the value 5/18 ~ 0.28, as predicted from the Morse-Witten
expression for the limit Bo—0 (Eq. (10)). Numerical limitations of the
Surface Evolver approach will also contribute to a deviation from the
Morse-Witten result; the representation of the surface as a tessellation of
triangular facets will unavoidably result in inaccuracies when
computing a local curvature in the hard sphere limit (Bo = 0).

For values of D, > Dy, the data in Fig. 3(a) is described by the
following heuristic expression (of similar form to Eq.(8)),

Kzmax — K0,00
Ko — Koo = ———— 12)
’ B 1 Jrf(BO) (Dn - Dn,m)
with Kk max = HO,Z% and the pre-factor f(Bo) determined empirically as

£(Bo) =192
Using 2ok-pgz=const, the mean curvature at each point on the bubble

interface which is not in contact with the channel can be expressed as
P8z — )

Kk ="—""—"4kK. 13
20

This enables us to compute the mean curvature of each point on the
gas-liquid interface of bubble, in good agreement with our simulation
data in Fig. 3(c).

A potential method for determining the shape of the entire bubble
interface analytically beyond the limits of the Morse-Witten model is to
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transform the mean curvature equation to spherical coordinates. Using
the symmetry in the case of a bubble beneath a flat plate, we can set the
lowest point of the bubble boundary as the coordinate origin and use
spherical coordinates to describe the gas-liquid interface: X(6, ¢) =
¢(0)sinbcosp, Y(6, @) = p(0)sinbsing and Z(6, ) = ¢p(0)cosd, where ¢(6)
is the distance between the origin and a point on the bubble boundary, 6
is the angle between the line connecting the point to the origin and the
vertical direction, and ¢ is the angle between the projection of this line
on the X-0-Y plane and the X-axis. The mean curvature in this coordinate
system is given by (Hohler and Weaire, 2019):

Cph =3¢ — 2 Pran0
- 2 3 - 2 .
20"+ 07" 2007+ 7))
Egs. (13) and (14) could be combined to obtain exact equations for

the interface of a bubble in a capillary channel, given appropriate
boundary conditions.

14)

K

4. Area of the gas-liquid interface

We have also computed the dimensionless excess area of a bubble,
defined as € = S/Sg — 1, which is a measure of the deviation of the total
surface area S of a bubble from that of an undeformed bubble, with Sy =
4nRZ. In general, a “softer” bubble (higher values of Bo) results in larger
deformation, as shown in Fig. 2(e), leading to an increase in surface area
S. Plots of the excess surface area, ¢, as a function of D, for several Bond
numbers are shown in Fig. 4(a). For fixed D,, ¢ increases with Bo. The
excess surface area is minimal for Dy, ~ 1, increasing slightly in the limit
D,, - 0. This asymptotic value increases with Bo, as shown in Fig. 4(b).
Again, the limiting behavior (bubble underneath a flat plate) can be
understood using the Morse-Witten model. In the hard sphere limit (Bo
—0), the Morse-Witten model gives for the excess surface area of a
bubble underneath a plate

2
e(Bo) = Eiig (ln (%) — g) , (15)

which is in excellent agreement with the numerical data for Bo < 0.5, see
Fig. 4(b). For Bond numbers Bo > 0.5, we find that the data is well
described by the empirical form ¢(Bo) = 0.050B0-0.009.

The total contact area, S., between the bubble and the channel,
which depends on both cylinder diameter, D,, and Bond numbers, was
computed as follows. The Surface Evolver represents the bubble surface
as a tessellation of triangular faces. In order for such a triangle to
contribute to S, the x and y coordinates of each of its three edges
(vertices) need to satisfy the constraint of the cylinder surface, i.e. y*+2>
=D2/4.

Fig. 5(a) shows that the value of S./Sp decreases steadily with
increasing Dy, as a larger cylinder diameter results in less deformation of
the confined bubble (see also the inset of Fig. 3(c)). Softer bubbles
(higher Bo) become more deformed when placed in a channel (or
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inA €700>
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g12 5650+
1.0 600
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0.6
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Fig. 3. (a) Dimensionless mean curvature at the lowest point of a bubble vs D, for several values of Bond number Bo. The lines are given by Eq. (10). (b) Variation of
the non-dimensionalised mean curvature with Bo in the flat plate limit, D,, » co. The line results from a least-square fit to Eq. (11). (c) Variation of the mean curvature
as a function of the vertical position along the liquid-gas interface (D, = 2.67 mm, D. = 2.8 mm). The lines are fits to Eq. (13) for different values of Bo. The part of the

bubble marked in red denotes the contact with the channel wall.
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Fig. 5. (a) Variation of the contact area S./Sp between the bubble and the channel as a function of D, for three different values of Bond number. (b) In the flat plate
limit (D,, > ), S./So is described by the empirical relation of Eq. (16), which is informed by the scaling in the limits of Bo—0 (Morse-Witten) and Bo—co. A constant
offset is included in this formula to account for the numerical limitation in the low Bo limit.

underneath a flat plate), than harder ones (lower Bo), leading to an in-
crease of contact area with Bo.

In Fig. 5(b) we show the Bond number dependence of S, (normalized
by the surface area of a sphere, Sp) in the flat plate limit, D, —o0. It is
clear that our Surface Evolver data suffers from numerical limitations in
the low Bond number limit, as the contact area S. does not extrapolate to
zero, as it must (contact of a hard sphere with a flat plate). As already
observed above, this is a consequence of the triangulation of the surface.

Again we can take recourse to the Morse-Witten model in the low Bo
limit to obtain the asymptotic form S./So = Bo/6. This describes the data
well in this limit, if we allow for an offset in S./Sp of about 0.003 to
account for numerical errors. In the limit Bo — o0, we obtain the scaling,
S./So = v/Bo /6 from considering the contact area of the surface of
revolution of a stadium as above. In Fig. 5(b) we show the empirical
relation
Se Bo

Se _ 0.003 16
Sy 6(1—0.96Bo'" + 1.23B012) 0> a6

which has the correct scaling in both limits, and offers a good descrip-
tion of our numerical data.

5. Conclusions

We have presented simulations for the equilibrium shape of a
(buoyant) gas bubble contained in a horizontal cylinder. The simula-
tions, which were based on minimization of the sum of surface and
gravitational energy, were carried out for a wide range of ratios of cyl-
inder to bubble diameter, and Bond numbers up to Bo = 4.5. Analytical
results were presented for the limiting case of a bubble held underneath
a flat plate. Empirical expressions informed by limiting asymptotic be-
haviours are presented for quantities such as bubble-cylinder contact

area, and the extension of bubble size along and perpendicular to the
cylinder axis. The limit of Bo —0 was analyzed using analytical result of
the Morse-Witten model. In this limit, the bubble shape deviates only
slightly from that of a sphere, and the finite number of triangles in a
Surface Evolver tessellation can affect the accuracy of the numerical
results.

Our results should be of value for many practical applications. For
example, the dependence of contact area as a function of Bond number
and channel diameter will enter the computation of drag forces, at least
in the limit of small bubble velocities. The case of a horizontal tube of
uniform cylindrical cross-section is a first step towards the under-
standing of bubble shape in confinement. In many applications the
bubbles are confined in a network of channels of arbitrary shape and
orientation. However, the presented calculations and methods can be
readily extended to the case of inclined tubes, and polygonal cross-
sections.

The range of Bond numbers in our simulations, Bo < 4.5, is sufficient
for many applications, including the storage of CO» in porous media
mentioned in the introduction. For the much larger bubbles used in the
experiments shown in Fig. 1(d), with bubble diameter Dy, = 2.7 mm, we
obtain Bo ~ 0.510, ie., a value that is well within the range of the
present study.
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