LEABHARLANN CHOLAISTE NA TRIONOIDE, BAILE ATHA CLIATH | TRINITY COLLEGE LIBRARY DUBLIN
Ollscoil Atha Cliath | The University of Dublin

Terms and Conditions of Use of Digitised Theses from Trinity College Library Dublin
Copyright statement

All material supplied by Trinity College Library is protected by copyright (under the Copyright and
Related Rights Act, 2000 as amended) and other relevant Intellectual Property Rights. By accessing
and using a Digitised Thesis from Trinity College Library you acknowledge that all Intellectual Property
Rights in any Works supplied are the sole and exclusive property of the copyright and/or other IPR
holder. Specific copyright holders may not be explicitly identified. Use of materials from other sources
within a thesis should not be construed as a claim over them.

A non-exclusive, non-transferable licence is hereby granted to those using or reproducing, in whole or in
part, the material for valid purposes, providing the copyright owners are acknowledged using the normal
conventions. Where specific permission to use material is required, this is identified and such
permission must be sought from the copyright holder or agency cited.

Liability statement

By using a Digitised Thesis, | accept that Trinity College Dublin bears no legal responsibility for the
accuracy, legality or comprehensiveness of materials contained within the thesis, and that Trinity
College Dublin accepts no liability for indirect, consequential, or incidental, damages or losses arising
from use of the thesis for whatever reason. Information located in a thesis may be subject to specific
use constraints, details of which may not be explicitly described. It is the responsibility of potential and
actual users to be aware of such constraints and to abide by them. By making use of material from a
digitised thesis, you accept these copyright and disclaimer provisions. Where it is brought to the
attention of Trinity College Library that there may be a breach of copyright or other restraint, it is the
policy to withdraw or take down access to a thesis while the issue is being resolved.

Access Agreement

By using a Digitised Thesis from Trinity College Library you are bound by the following Terms &
Conditions. Please read them carefully.

| have read and | understand the following statement: All material supplied via a Digitised Thesis from
Trinity College Library is protected by copyright and other intellectual property rights, and duplication or
sale of all or part of any of a thesis is not permitted, except that material may be duplicated by you for
your research use or for educational purposes in electronic or print form providing the copyright owners
are acknowledged using the normal conventions. You must obtain permission for any other use.
Electronic or print copies may not be offered, whether for sale or otherwise to anyone. This copy has
been supplied on the understanding that it is copyright material and that no quotation from the thesis
may be published without proper acknowledgement.



Spatial Modelling of
Damage Accumulation in Bone Cement
by

Elizabeth A. Heron

A thesis submitted to
the University of Dublin
for the degree of

Doctor of Philosophy

Department of Statistics,
University of Dublin, Trinity College

October, 2004




TRINTY COLLEGE
0 5 MAY 2085

LIBRARY DUBLIN




Declaration

This thesis has not been submitted as an exercise for a degree at any other University.
Except where otherwise stated, the work described herein has been carried out by the
author alone. This thesis may be borrowed or copied upon request with the permission
of the Librarian, University of Dublin, Trinity College. The copyright belongs jointly
to the University of Dublin and Elizabeth A. Heron.

Signature of Author............... EK Axé’téix . 4 e #”‘ Fratas 2% g NEWY

Elizabeth A. Heron
29 October, 2004



Abstract

In this thesis we develop spatial models for damage accumulation in the bone cement
of hip replacement specimens. A total hip replacement consists of an artificial cup,
forming the socket portion of the joint, and a prosthesis inserted into the femur,
replacing the ball part of the joint. Both components are fixated to the bone using
an acrylic polymer known as bone cement. The dominant mode of failure of the hip
replacement is the aseptic loosening of the components due to damage accumulation
consisting of crack initiation and crack growth in the bone cement.

The data analysed come from a laboratory experiment in which 5 hip replacement
specimens were subjected to a stress loading typical of normal use. Finite element
stress measurements, together with start and end locations of each crack were pro-
vided.

As well as stress being a factor in damage accumulation, it is known that other
spatially varying factors, for example pores, have an influence on crack initiation and
growth. We develop two spatial models for crack initiation. Both models incorporate
stress and allow for spatially varying latent factors to be modelled. A discrete model is
proposed, in which crack counts in regions are modelled using an identity-link Poisson
regression model. A continuous model for initiation is also presented that models the
initiation of cracks as a spatial Poisson process, incorporating the influence of the
latent factors through a Gamma random field.

Since damage accumulation consists of crack initiation and crack growth, we also
propose a model for crack growth. It is known that cracks initiate with some length
and that jumps occur in their growth; our model incorporates these features and the
influence that stress has on crack growth. In the analysis of this model, evidence of
spatial variability in the jump is presented.

All analysis is carried out through a Bayesian framework, employing MCMC tech-
niques in order to sample from the posterior distribution of the parameters of each of

the models.
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Chapter 1

Introduction

The aim of this thesis is to develop spatial models for damage accumulation in the
bone cement of hip replacement specimens. The spatial models we will develop incor-
porate both observed and unobserved factors that are influential in causing damage
accumulation. In order to provide some motivation for this aim, we describe the hip
replacement and the reasons as to why it fails. We also outline the structure of the

thesis and summarise the research contributions made.

1.1 Damage Accumulation in Bone Cement

A common type of orthopaedic joint replacement is the total hip replacement. This
replacement consists of two components, an artificial cup forming the socket and a
prosthesis inserted into the femur, replacing the ball part of the joint. The components
are fixated to the bone using an acrylic polymer known as bone cement.

The total hip replacement is considered to be a successful operation, with studies
reporting over 90% of replacements still functioning well after 10 years (Huiskes and
Verdonschot (1997)). For many patients though, the procedure is a failure and revision
operations are not nearly as successful as primary ones (Malchau et al. (2000)). Also,
the procedure is being carried out on younger patients, leading to the need for longer

lasting replacements.
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Failure of a hip replacement is a subjective term with much discussion as to when
a replacement is said to have failed. Huiskes (1993) defines failure from a clinical
point of view as the time at which a revision operation is required, due to excessive
pain and impaired function. The dominant mode of failure is the aseptic loosening
of the components of the replacement, due to damage accumulation (crack initiation
and growth) in the bone cement.

It is known that, when in use, cyclic loads of several times a person’s bodyweight
are experienced at the hip (Bergmann et al. (1993)). Relative to the stresses that are
applied at the hip, bone cement is a weak material (Huiskes (1993)). The cyclic loading
results in compressive and tensile stresses along the femoral stem of the implant. These
stresses are responsible for the initiation and growth of cracks in the bone cement.

As well as stress being a factor in crack initiation and growth in the bone cement,
it is known that other influential factors exist. During the preparation of the bone
cement, pores (air bubbles) may become trapped in the cement. It has been shown
through retrieval studies (Jasty et al. (1991); Culleton et al. (1993)), that a link
exists between crack initiation and the presence of pores in the cement. Pores have
an impact on the stress in the cement. A raised stress state exists around a pore and
this, coupled with stress concentrations in the micro-structure of the cement makes
crack formation at pores highly likely.

There may also be inclusions in the cement, biological (e.g. blood) or non-biological
(e.g., barium sulphate). These inclusions will also have an impact on the initiation

and growth of cracks as they too change the structure of the cement.

1.2 Modelling Mechanical Failure

Given any sort of structure, the mechanical failure of that structure is dependent on
its strength and on the stresses it experiences. Even if the structure experiences very
high stresses, it will not fail, provided it is strong enough. But if the structure is weak

and it experiences stresses that are beyond its limit, then it will fail.
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Mechanical failure has been modelled in many different ways, depending on the
understanding of the reasons for failure and on the tools and methods available for
modelling. Obviously, the better the understanding of the reasons for failure, the
better the model.

People have modelled failure in many ways. The simplest approach being the ob-
servation of the physical causes of stresses on structures and the drawing of conclusions
based on these observations. A more sophisticated approach involves the construc-
tion of a mathematical model to quantify the influence that stress has on causing
failure. The realisation that deterministic models were not sufficient to account for
the random variability observed in the failure of structures led to the development of
stochastic models for failure.

In the case of damage accumulation in the bone cement, random variability does
exist. An obvious example of the variability being, that specimens subjected to the
same stresses, under laboratory conditions, do not show the same damage accumu-
lation patterns. This would obviously suggest the need for a stochastic model for
damage accumulation. Incorporating stress into a stochastic model for damage accu-
mulation is one way of approaching the task of modelling the variability.

It has also been observed that damage accumulation varies spatially. The incorpo-
ration of spatial coordinates of damage (crack locations), together with spatial stress
information allows for an even closer examination of the relationship between damage
and stress. This provides a more realistic model for damage accumulation.

The understanding of the physical process and the knowledge of other influential
factors, but the inability to accurately measure or locate them, leads to a further
extension. We can model, through latent variables, a spatial process, that accounts

for the unobserved influential factors.

1.3 Overview of Chapters

In the following we present a brief outline of the research carried out.
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1.3.1 Background

We describe in detail the structure of the orthopaedic hip replacement. We also
introduce the concept of fatigue and examine the main reasons why these replacements
fail, reviewing the literature on the impact of stress and of pores on causing damage
accumulation in these implants. The data that we analyse come from experiments
carried out on five specimens in a laboratory setting; each of the specimens was
subjected to the same stress loading under similar conditions. The experimental
model is described together with the methods by which the cracks were located and
measured. We also present in this chapter a review of other statistical models that

have been used for damage accumulation.

1.3.2 Statistical Methodology

We detail the statistical methods that we use throughout the analysis that we carry
out in this thesis. All of our modelling is done in a Bayesian framework. We describe
the Bayesian method in detail, highlighting the differences between this method and
that of the Classical framework. We also address issues such as prior elicitation, which
1s an important aspect in carrying out any Bayesian statistical analysis.

The models that we present in this thesis are relatively complicated, often with
many parameters, making direct simulation from these models difficult, if not impos-
sible. To obtain estimates of the parameters of the models we use MCMC techniques
in order to sample from the Posterior distributions. We describe in detail the Markov
chain theory that underlies the MCMC techniques, as well as describing individual
MCMC algorithms.

1.3.3 Discrete Model for Crack Initiation

We present a discrete spatial model for the initiation of cracks during the stress
loading process. The model is discrete in the sense that we aggregate the data to

form counts of cracks in a finite number of regions. We model the counts of cracks in
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the regions as independent Poisson random variables, relating the Poisson intensity
to both known (compression and tension) and unknown, or latent, factors through
an identity-link regression model. We include the latent spatial parameters since we
know from the literature that factors such as pores (air bubbles), which could not
be measured during the experiment, have an impact on causing cracks to form. The
latent factors are modelled by including a latent spatial parameter for each region.
The influence of this parameter on crack formation in its own region, as well as in
neighbouring regions, is governed by a Gaussian kernel. The distance over which the
latent spatial parameters have an influence is determined by the variance parameter

of the Gaussian kernel and we perform inference in order to estimate this parameter.

1.3.4 Continuous Model for Crack Initiation

A continuous spatial model for the initiation of cracks in the bone cement is presented
in Chapter 5. Instead of aggregating the data, we use each of the data points (spa-
tial coordinates) directly and model the initiation of the cracks as a spatial Poisson
process. As in the case of the discrete model, we also incorporate both observed and
unobserved factors that are influential in the formation of cracks in the bone cement.
We model the intensity of the Poisson process, again using an identity link regression
model, and this time we incorporate the latent factors using a Gamma random field.
Thus the intensity due to the latent factors, that are influential in causing cracks to

form but that were not measured, is modelled as a continuous surface.

1.3.5 Growth Model

Damage accumulation consists of both crack initiation and crack growth and so it
is also necessary to model crack growth when examining damage accumulation. We
present a model for the growth of the different types of fatigue cracks that are present
during the stress loading. The model attempts to capture the actual physical process

by which cracks grow, drawing on information from the literature about crack growth.
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For example, cracks are known to have both active and dormant periods of growth.
The model incorporates the effect of stress on the growth of the cracks. Cracks
subjected to different stresses would be expected to show varying amounts of growth.
It is also believed that cracks experience jumps in their growth rate and we model a
jump in growth, showing visually that spatial variation does exist in the size of the
jumps. We also carry out a sensitivity analysis which shows variability between the

specimens with respect to the parameters of the growth model proposed.

1.4 Research Contributions

The following are the main contributions made by the research contained in this thesis:

1. The development of spatial models for crack initiation in the bone cement of
hip replacement specimens. One model allows for the spatial modelling of crack
counts without the need for actual spatial coordinates. The other model incor-
porates spatial coordinates of the crack locations allowing for a more detailed
analysis to be carried out. Both of these models incorporate observed and unob-
served factors (latent) and they constitute a new application of the methodology

in an engineering setting.

2. The statistical modelling of the unobserved latent spatial factors is a new method
of assessing the impact of the unmeasured covariates that are known to have an

influence on crack formation.

3. The modelling of crack growth, incorporating the influence of stress, by adapting
another available model and the detailing of how spatial modelling of crack

growth may be carried out.



Chapter 2

Background

In this chapter we introduce the concept of fatigue with particular reference to fatigue
in orthopaedic hip replacements. We examine the reasons why these replacements fail
and detail a laboratory experiment which was carried out in order to investigate dam-
age accumulation in the bone cement of the replacement. This experiment resulted
in data which form the basis of our analysis in subsequent chapters. We also review
other stochastic models that have been used to examine the initiation and growth of

cracks in bone cement.

2.1 Fatigue

The deterioration of a structure that is subjected over time to an external loading,
resulting in the inability of the structure to carry the intended loading, is known as
fatigue. Crack initiation and crack growth are regarded as the basic causes of fatigue
damage accumulation and ultimate fatigue failure (Sobczyk and Spencer (1992)).
According to Sobcezyk and Spencer (1992), between 50 and 90 percent of all mechanical
failures in metallic structures are related to fatigue. Structures made from materials
other than metal also experience crack initiation and growth, for example, orthopaedic

joint replacements are load-bearing structures that experience fatigue.

~
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2.2 Orthopaedic Hip Replacement

Orthopaedic joint replacements are used to replace human joints that no longer func-
tion as they should. In particular, an orthopaedic hip replacement is used to replace
the ball and socket components of the hip joint. The replacement of a hip joint is
a very common procedure with up to one million hip replacements being carried out
annually (Huiskes and Verdonschot (1997)). Typically the hip replacement consists
of a prosthesis, usually metallic, being inserted into the medullary cavity of the fe-
mur bone which has been hollowed out. The metal prosthesis is a replacement for
the “ball” portion of the joint. The “socket” portion of the joint is replaced with
an artificial cup (typically this is made from ultra high molecular weight polyethy-
lene; UHMWPE). The prosthesis is held in place by an acrylic polymer (polymethyl-
methacrylate; PMMA) cement mantle that interlocks the prosthesis and the bone.

See Figure 2.1.

Acetabular
Cancellous
bone

Prosthesis

Cortical
bone

Figure 2.1: Schematic diagram of a hip replacement showing the prosthesis and ac-
etabular cup inserted into the femur and pelvis respectively. Image courtesy of A.B.

Lennon.
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2.3 Bone Cement

The polymer cement used in the fixation of the joint replacement is often referred to
as bone cement. The cement does not form any sort of chemical bond with either
the metal prosthesis or the bone. The fixation occurs instead through a mechanical
interlocking that arises between the surface of the implant and interdigitation with
cancellous bone. An analogy given by Lennon (2002) for the function of the bone
cement is that it performs a similar role to that of a “grout”.

Bone cement has a similar composition to Perspex/Plexiglas used in industrial
settings. The bone cement is prepared in the operating theatre several minutes before
the components of the joint replacement are inserted. It is prepared as a self-curing,
dough-like resin thus ensuring that it is possible to insert the cement into the prepared
cancellous bone and implant the prosthesis into the cement. The cement hardens
within 10-15 minutes of initial preparation allowing enough time for the insertion.
The bone cement may contain inclusions, for example, radiopaque fillers or antibiotics
or biological inclusions such as blood or fat. For a more detailed description of bone

cement and its composition see (Lennon 2002, pg. 13 -17).

2.4 Failure of the Hip Replacement

There are two main reasons for failure in cemented hip replacements: infection and
mechanical (aseptic) loosening of the components. Due to improvements in surgical
conditions, infection has been almost eliminated (cumulative revision rate for deep
infection after ten years is 0.3% (Malchau et al. (2000))) and aseptic loosening of the
components is now the dominant mode of failure, in particular aseptic loosening of
the femoral stem (Malchau et al. (2000)).

According to Huiskes (1993) two interacting failure scenarios can account for the
mechanical loosening of the hip replacement - particulate reaction scenario and the
damage accumulation scenario. The particulate reaction scenario is a deterioration

of the bone until it is no longer able to support the replacement. This deterioration



CHAPTER 2. BACKGROUND 10

of the bone is caused by biological reactions to particulate wear debris. The damage
accumulation scenario consists of the debonding of the prosthesis from the cement,
together with the formation of cracks in the cement, until the prosthesis is no longer
fixated to the bone, i.e., the prosthesis is free to move inside the femur. The two

failure scenarios can interact, see Figure 2.2.

Debonded implant-

cement interface: UHMWPE
Implant- t debondi woar
mplant-cemen ebonding partlcles

decreases load-bearing area
of interface and increases
cement stresses and
damage accumulation.
Relative motion of the
implant and cement
generates abrasive wear
particles which can lead to
further particulate reactions.

Pore and cracks:
Pores act as stress raisers and
crack initiation sites. Cracks may
also initiate from the interdigitated
cement-bone interface or from
localised debonded regions of the
implant-cement interface (such
bimaterial interface cracks are
prone to branching into the weaker
material). Large cracks with jagged
faces are likely to experience
further abrasion, stimulating
particulate reactions

Soft-tissue interface

with UHMWPE and

PMMA wear particies:
Stress-shielding induced bone
resorption and interfacial failures
open a route for particulate debris.
Weakening of the interface leads to
increased relative micromotions
with resulting interface damage
and bone resorption with the
formation of a soft-tissue interface.

Debonded implant-cement
interface and branching crack

Figure 2.2: Particulate reaction senario and the damage accumulation senario and

their interations. Image courtesy of A.B. Lennon.

Improvements have been made in resistance to the particulate reaction scenario
but according to Lennon (2002) the reduction of damage accumulation within the
cement has proved difficult. According to Lennon (2002) damage accumulation is
likely to be the dominant mode of failure in the femoral part of the implant as the

interface between the prosthesis and the cement experiences greater stress here.
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2.4.1 Stress

According to Lennon and Prendergast (2001), the aseptic loosening in hip replace-
ments is usually caused by fatigue failure of the cement mantle under cyclic loading.
Maintaining the cement mantle is not simply a matter of reducing the peak stress
in the mantle. Lennon and Prendergast (2001) highlight the situation where the in-
fluence of cement porosity may dominate the effect of stress to such an extent that
failure may occur, not at the location of peak stress but instead where the pores are
largest. In this case, recording the peak stress would not give sufficient information

for investigating crack initiation and propagation.

2.4.2 Pores

Bone cement has a much lower fatigue resistance than Perspex/Plexiglas because of
the way in which it is prepared (Lennon (2002)). During preparation, pores (air
bubbles) become trapped in the cement. Retrieval studies carried out show that
a link exists between the porosity in the bone cement in the hip replacement and
damage accumulation (Jasty et al. (1991); Culleton et al. (1993)). According to Jasty
et al. (1991) cracks initiate in the cement due to stress concentrations at the interface
between the implant and the cement and also from pores in the cement. It has been
observed that large numbers of pores form at the interface between the implant and
the cement. Lennon (2002) provides more details on this.

The amount of porosity varies depending on the way in which the cement is mixed.
Improvements in the mixing of the cement such as mixing under a vacuum and cen-
trifuging, as opposed to manual mixing with a bowl and spoon, decrease the amount
of air bubbles trapped but do not eliminate all pores (Wang et al. (1996)). According
to Lennon (2002) the pores that do remain can often be very large (which can lead
to early failure of the implant) in the case with vacuum mixing or the pores may be
heterogeneously distributed in the case of centrifuging.

Damage accumulation, initiating mainly from pores was demonstrated in a physi-
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cal model of the femoral stem of the hip replacement which was subjected to a bending
load (McCormack and Prendergast (1999)). Another examination of the impact of
pores can be seen in a time-lapse study of damage accumulation, in which it was
noted that microcracks initiated from pores (Murphy and Prendergast (1999)). The
existence of pores causes stress concentrations making crack initiation very likely.
Also, pores often tend to cluster so that interactions occur which can result in cracks
initiating and propagating in a different manner than would be expected.

Tsukrov and Kachanov (1997) examined the impact on stress of interactions be-
tween elliptical holes (pores or cracks) using a stress “feedbacks” method. In real
materials pores often have strongly non-circular shapes and mixtures of holes of di-
verse shapes are typically to be found. Interactions between holes may produce both
stress shielding and stress amplification, depending on factors such as the mutual
positions of the holes, the hole eccentricities and the mode of the remote stress load-
ing. Tsukrov and Kachanov (1997) also noted that different stress loading conditions
produce different zones of shielding/amplification. The authors detail the effects of
the interactions on stress of many different hole combinations, varying the relative
distances between the holes, the number of holes and the hole shapes and sizes. For
example, they examine the interaction between two circular holes, which are of equal
size and that are experiencing remote tension in the direction normal to the line con-
necting the centres of the holes. They found that at distances of 1/100 of the hole
radius the interaction effect was very strong and the stress was amplified.

For more details on the impact of pores in crack formation and propagation see

Lennon (2002).

2.5 Other Factors Influencing Performance

There are other factors that have an influence on how long a replacement lasts. The
design of the prosthesis will certainly have an impact on the performance. Many

different prosthesis models are available with varying femoral stem designs. The
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longevity of the replacement is dependent on the design type, with different designs
having different survival rates. A prosthesis design that suffices for the remaining life
of all patients has yet to be found (Lennon and Prendergast (2001)).

The prosthesis needs to be carefully inserted so that it is well placed within the
femur and that even pressurisation is achieved during the insertion, i.e., the surgeon’s
skill has an impact on the performance of the replacement. The condition of the
surrounding bone will also have an effect on the longevity of the replacement as will
the activity levels of the patient. The inclusions, both biological and non-biological
previously mentioned will alter the structure of the cement. For example, both the
presence of antibiotics and blood will weaken the cement, and so these too will have
an influence on crack initiation and propagation.

However, under controlled laboratory conditions, variability exists in the damage
accumulation in the bone cement and according to Lennon (2002) this variability is
large enough that it might dominate, i.e., the other factors mentioned above would
not have as great an impact on the performance of the replacement. There is also the
possibility that these factors will interact.

Replacing the PMMA bone cement with a suitable alternative has yet to be suc-
cessful (Lennon (2002)), but replacements do exist that use no bone cement. Instead
the prosthesis is coated with a bioactive substance that allows a bond to form directly
between the prosthesis and the bone. However these replacements have not performed

as well as those using bone cement (Malchau et al. (2000)).

2.6 The Experiment

The data that are available for analysis come from an experiment which was carried
out in a laboratory setting. Five specimens, each resembling as close as was possible
a femoral hip replacement, were subjected under laboratory conditions to a stress

loading. For full details of the design and experimental procedure see Lennon (2002).
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2.6.1 The Experimental Model

The experimental model was designed in such a way as to retain the most important
physical features of the femoral hip replacement, ensuring that it would behave in
the laboratory in a similar fashion to a hip replacement in the human body. It
was also necessary to design the model in such a way that measurements of damage
accumulation could be made, i.e., that cracks could be observed and located.

The model consists of a femoral stem encased between layers of cement and strips
of cancellous bone, see Figure 2.3(a). These are then held in two aluminium side
plates which offer support similar to that which would be given by the cortical bone
in the human body. The cancellous bone strips are made from bovine rib bone that
has been cut and shaped to fit the length of the cavity in the aluminium side plates.

The side plates contain windows in which the cement is exposed and therefore
available for observation. The cement that was used was mixed by hand and contained
no inclusions (biological or otherwise). The particular type of cement that was used

is translucent, enabling cracks to be stained and viewed by light transmission.

2.6.2 Fatigue Testing

Stress loading was applied to the physical model in two ways. A load was applied
to the prosthesis by means of a lever attached to the prosthesis head centre and a
muscle loading was applied using a lever attached to the centre of the trochanter-like
process of the aluminium holders. See Figure 2.3(b). Both loadings were applied
simultaneously and were used to simulate what would occur in the human body, the
prosthesis loading simulating the load that would be applied at the joint in a human

body. For details on the actual load measurements see Lennon (2002).

2.6.3 Crack Counting

Before any testing was carried out dye penetrant was applied to the cement layers of

each of the specimens. A magnified image of the cement surface was then projected
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Cancellous
bone
strips

Stem

Cement

* Windows

Cement |

Aluminium holders

(a) (b)

Figure 2.3: (a) shows an exploded view of the experimental model of the femoral
stem encased in bone cement. (b) shows a photograph of a specimen mounted in the
fatigue testing machine. The means by which muscle and joint loading are applied
can be seen at the plates connecting the lever to the specimen and at the stem head,

respectively. Images courtesy of A.B. Lennon.

onto a screen using an optical comparator. Any cracks which would have formed when
the cement was curing (drying) were identified and traced onto acetate transparencies.
The transparencies were digitally scanned and image analysis was carried out in order
to obtain the position, length, and slope of each crack. In the literature these cracks,
which form before the stress loading has been applied, are referred to as pre-cracks.
As would be expected not all cracks lay on the surface - some were seen to extend
below the surface. For a crack of this type the focus of the optical comparator was

changed in order to assess the full length of the crack. Cracks would also have formed
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below the surface but would not have been stained with the dye and so could not
have been identified. For this reason the data provide a conservative estimate of the
number of cracks in each specimen.

After testing, this procedure of identifying and locating the cracks was repeated
for each specimen. The cracks which have formed during the stress loading process

are referred to as load-cracks.

2.7 Approaches to Modelling Fatigue Data

Since fatigue data is inherently random, with even data that have been produced
under controlled laboratory conditions showing variability, the obvious approach in
modelling this type of data is to use stochastic models. The choice of stochastic model

should represent as fully as possible the essential aspects of the physical model.

2.7.1 Survival Analysis

Predicting lifetimes, for example, how long a hip replacement will last, is done by
analysing lifetime data. When investigating lifetimes, components are tested until
they fail, the lifetime of the component being the period from the start of observation
until failure occurs. Survival analysis is concerned with the study of lifetimes and
involves all aspects related to lifetimes data, from the recording of the data to the
examination of factors that affect the lifetime of the components being considered.

A random variable Y is termed a survival random variable if an observed outcome
of Y lies in the interval [0, 00). It is possible to define a survival function or reliability
function S, as follows: S(y) =P(Y > y) = fyoo f(u)du, where f(u) is the probability
density function.

As well as looking at the survival function it is often the case that we are interested
in the instantaneous rate of failure of the component at a given time y, given that the
component survives up to time y. This information is given by the hazard function

h(y) = f(y)/S(y). Essentially the hazard function says how the failure rate changes
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with time. It is possible to construct many different kinds of hazard models. For
example, if the risk of failure does not change over time, then a constant hazard
model would be appropriate. What is often the case in engineering problems is that
as time increases the imminent risk of failure also increases. What is termed a power
hazard model is often proposed in this case. Here h(y) = (ay®~')/5%, where y > 0
and in this case the lifetime variable Y can be modelled with a Weibull distribution.

Lifetime analysis for hip replacements has been carried out, see for example
Malchau and Herberts (1998). For an examination of lifetime analysis and the tech-

niques used, see Smith (2002).

2.7.2 Modelling Crack Initiation

McCormack et al. (1998) analysed fatigue data from an experiment in which hip
replacement specimens were subjected in a laboratory setting to cyclic stress loading
typical of normal use. In this experiment, cracks were observed in ten observational
windows on the cement surface and the number of cracks in each window was recorded
at 0, 0.5, 1, 2.5, and 5 million cycles. The length of each crack was also recorded. The
number of cracks X;;(n) in window j of specimen 7 at n million cycles was modelled as
a counting process, the process increasing by one each time a crack was initiated. The
simplest counting process, that of a Poisson process, was chosen to model the number
of cracks. The rate of the Poisson process \;; was modelled as A;; = (a;+3;Z;;), where
Z;; indicates the number of pre-load cracks, «; may be interpreted as the expected
rate of crack formation when no pre-load cracks were present, and f; as the increase
in the crack formation rate for each pre-load crack present.

Bayesian analysis was carried out and estimates of the posterior distributions for
the parameters o;; and [3; were obtained. The authors acknowledge a lack of fit and
suggest that it may be due to influential factors that have not been accounted for,
such as stress levels or the location of pores. Also this model for initiation of cracks

did not allow for any spatial data to be incorporated.
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2.7.3 Modelling Crack Growth

A model for crack growth was also presented by McCormack et al. (1998). The
average growth per million cycles over the observed life of each crack was examined.
Cracks that did not grow or that appeared to shrink were ignored. A histogram
of the logarithm of growth appeared to be bell-shaped and so a natural choice for
the probability distribution to model the growth was the Lognormal distribution.
Bayesian analysis was carried out and posterior estimates were obtained for the mean
and variance parameters of the Lognormal distribution. According to the authors this

model was satisfactory for all cracks except those that grew very quickly.

2.7.4 Hierarchical Modelling of Crack Initiation and Growth

The same data as were analysed by McCormack et al. (1998) were again analysed by
Wilson (2005). Here, a hierarchical model for crack initiation and growth is proposed
and a Bayesian analysis is carried out. The decision to use a hierarchical model is
based on the fact that the variability between specimens and within specimens can
be attributed to different influential physical factors. An example of within-specimen
variability given by Wilson is that of random variations in the distribution of pores
in the cement. Between-specimen variability could be due to the random differences
in the mixing of the cement, for example.

A Poisson process, modelled as a function of local material properties of the ce-
ment, is proposed for the initiation of the cracks. The model proposed is similar to
that of McCormack et al. (1998), again with the rate of the process being a function
of the number of pre-load cracks.

The growth model proposed by Wilson models the physical process of crack
growth. Through inspection of the data, the main features of the growth of the cracks
may be observed. Cracks initiate with some length, some of the cracks then grow very
slowly and some grow very quickly. Wilson models the way in which the cracks grow

by allowing for large instantaneous jumps between periods of slower growth. We
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follow this model in Chapter 6, adapting it to incorporate stress measurements and

investigating how growth can be spatially modelled.

2.7.5 B-Models

Another approach to the stochastic modelling of the fatigue life of bone cement in the
hip replacement is presented in Grasa et al. (2003). The authors propose a model,
called a B-model, based on Markov chains. This type of model has been used to
compute the probability of failure after a certain time or number of cycles, for different
damage problems using results obtained though experimentation.

The basic idea of the model is the following. At a given time ¢ (discrete) the
component is at some damage level D,, after starting at time 0 in state Dy. There
exist damage cycles of constant severity and associated with each damage cycle is a
transition matrix P. The authors define the model so that given a damage state D;,
there are only two options for D, , the next step in the chain. Either the chain will
remain in the same state or it will advance to the next damage level, until finally it
reaches a failure state b.

It is possible to examine the probability of being in any state at time ¢ with the
probability of being in state b tending to 1 as ¢ — co. The authors use this model to
examine the probability of failure for different cement mixing techniques at different

stress levels.

2.8 What a Model Should Incorporate

The engineering literature on fatigue in hip replacement specimens obviously regards
stress as having an important role in causing cracks to form and grow in the bone
cement. When a model for crack initiation was proposed that did not incorporate
stress (McCormack et al. (1998)), the model did not perform very satisfactorily. As
the data we are analysing contain stress measurements, we should construct a model

that exploits these measurements fully.
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As well as stress measurements being available in our data, we also have accu-
rate spatial coordinates for each of the observed cracks. Again, our model should
incorporate this information, as it is known that spatial variability exists in damage
accumulation.

Together with the data available we also have the knowledge that pores have an
effect on damage accumulation. Although their spatial distribution is unknown, a
realistic model for damage accumulation should accommodate and account for their
influence.

As there are two aspects to damage accumulation: crack initiation and crack
growth both should be modelled. In the following chapters we construct and analyse

models that fulfil the above criteria.



Chapter 3

Statistical Methodology

In order to analyse the data that we have available and in order to gain a better
understanding of the processes that have given rise to the data, we will in subsequent
chapters construct models and make inferences about the parameters of these models.
To do this we draw on a wide range of statistical methods and in this chapter we detail

many of these methods.

3.1 Bayesian Inference

When we carry out data analysis we are interested in summarizing the data and also
in making inferences about the physical system or process that produced this data.
We may also be interested in making predictions based on the data we have observed.
Before we have collected any data, prior beliefs exist about the nature of the system
or process. The modification of these beliefs in light of the observed data, through
the use of Bayes’ theorem, forms the basis of Bayesian inference.

One of the main differences between Bayesian and classical (frequentist) inference
is that the parameters of the model are treated as random variables in Bayesian infer-
ence, whereas in classical inference they are assumed to have unique values (although
these are unknown), (O’Hagan and Forster (2004)). Bayesian inference also differs

from classical inference in that it is subjective and that previous knowledge or in-

21
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formation about the system is important. It is subjective since one person’s prior
beliefs need not necessarily agree with another person’s prior beliefs. Bayesian infer-
ence takes into account, through the use of what is called the prior distribution, any
information available before any data are observed. For comprehensive introductions

to Bayesian inference see, for example, Lee (1997) and O’Hagan and Forster (2004).

3.1.1 Prior Distribution

Let © = {61,6,,...,0;} represent the parameters of the distribution that models
the data arising from the process, i.e., © represents characteristics which must be
determined in order to obtain a complete description of the system or process. We are
interested in knowing more about these unknown parameters, for example, obtaining
point or interval estimates.

Before any data are observed we have some a priori beliefs about the values of ©.
These beliefs may be based on our own knowledge of the system or on an expert’s
knowledge or opinion. We use a probability density function 7(0) to express these
beliefs. This p.d.f, 7(0), is referred to as the prior distribution. Choosing a prior
that correctly reflects this a priori knowledge is not always an easy task, see Section

3.1.6.

3.1.2 Likelihood Function

Now suppose we observe some data: X = {X1, Xs,..., X, }, whose distribution de-
pends on the unknown parameters ©. How likely is it that we observe the data X
given that the parameters take the value ©7 The probability statement called the
likelihood, L(©|X) = P(X|O), models the relationship between the parameters and
the observed data, and provides an answer to this question. The likelihood function is
obtained by calculating the joint probability of the observed data values as a function
of the parameters. The likelihood function is used both in classical and Bayesian

inference. In classical inference the likelihood is often maximized in order to find the
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“most likely” values for ©; Chatfield (1983), pg. 123 provides a simple example.

If we were to consider P(X|©) as a function of X for fixed © then P(X|0) is a
density function, i.e., [P(X|0)dX = 1. Here, however, P(X|0©) is thought of as a
function of © for fixed X and in this case [ P(X|0)dO does not necessarily integrate
to one. Lee (1997) gives the example where X does not depend on © and in this case

it is possible for the integral to equal co.

3.1.3 Bayes’ Theorem and The Posterior Distribution

We want to be able to express our beliefs about © given both our prior knowledge
and the data that we have observed. The prior distribution takes into account prior
beliefs about © while the likelihood function expresses the relationship between © and
the observed data. Bayes’ theorem provides a mechanism for combining both these
sources of information. For random variables (continuous or discrete) Bayes’ theorem

states that

P(©

X) x 1(©)P(X|0),
where the constant of proportionality is given by:

[ 7(©)P(X|©)dO, (continuous)
Y om(©)P(X]0), (discrete).

P(X) =

This allows us to look at the conditional distribution of the parameters given the
observed data, i.e., P(©]|X). P(©|X) is termed the Posterior distribution and it is a

summary of all that is known about © after we have observed data X. Thus we have

Posterior oc Prior x Likelihood.

3.1.4 Predictive Distribution

As well as carrying out inferences for the parameters of our model we may also be

interested in making predictions based on the data we have observed and on our prior
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knowledge. Suppose we are interested in some future (unobserved) observation Y,

given that we have observed data X. We can look at the following distribution
P(Y|X) = /P(yy@,X)P(eyX)de,

which is referred to as the predictive distribution. P(©|X) is the posterior distribution
and P(Y'|©, X) is the likelihood function for Y. If X and Y are independent given O,
then the likelihood for Y reduces to P(Y'|©).

3.1.5 Estimating the Posterior Predictive Distribution

Suppose Oy, ..., 0, are samples from the posterior distribution P(©|X) and suppose
X). Often

we are interested in obtaining the posterior predictive distribution P(Y
P(Y|X) is not known analytically, but we can approximate it with P(Y'|X), the Rao-
Blackwellized estimator (Casella and Robert (1996); Gelfand and Smith (1990)):

A e
P(Y|X) = > P(Y|X,0)),
g=1

that is, we use the numerical average of the conditional densities over the simulated

values of © as an approximation.

3.1.6 Prior Elicitation

Prior distributions are the means by which a priori beliefs, regarding the value(s) of
the parameter(s) © are expressed. This a priori information about © may be based on
the researcher’s knowledge or on the knowledge or opinions of an expert. The process
of constructing a probability distribution, the prior distribution 7(©), that expresses
the knowledge and/or opinions that are available before any analysis is carried out,
is termed prior elicitation. Strictly speaking prior elicitation should take place before
any data are observed, but it is often the case that researchers turn to experts after

the data have been collected.
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The elicitation of a prior usually involves two steps. The first step is the choice of
probability distribution and the second is the choice of values for the parameters of
the chosen distribution.

The choice of distribution is often governed by the desire to have a mathematically
tractable model. For example, conjugate priors are often used for this reason. A
conjugate prior is a prior distribution that belongs to the same class of distributions as
the posterior distribution. This has the advantage that the only change in going from
the prior distribution to the posterior is to change the parameters of the distribution
and this can often make analysis much simpler.

The choice of distribution is not so critical as long as a prior distribution is chosen
that is quite flexible, i.e., changes in the parameters of the distribution give very
different distributions. For example, in the case where a conjugate prior is chosen it
is most likely that the “true” prior is not conjugate but the class of conjugate priors
is large enough so that a prior distribution can be chosen that is very close to the
“true” prior. See Lee (1997).

Choosing the parameters for the prior is important. Suppose we choose a Gamma
prior, then the problem becomes how to assign values to the shape and scale parame-
ters of the Gamma distribution. One method of obtaining values for the parameters is
to consider what is known about ©, for example, if we have an idea what the mean and
standard deviation should be, then we can equate these with the mean and standard
deviation of the prior distribution and hence obtain values for the parameters of the
prior. According to Garthwaite et al. instead of eliciting prior information through
moments, it is often better to elicit the information through quantiles. People’s abil-
ity to estimate statistical quantities, for example, means and variances, have been
examined in psychological experiments. It is not easy for people to interpret what is
meant by “variance”, for example, and so it is difficult to obtain a numerical value
for this quantity, hence eliciting prior information through quantiles, which are easier
to interpret, is often a better idea. For more ideas on specifying a prior distribution

see also O’Hagan (1998).
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The situation where very little prior information exists must also be considered.
For example, suppose no expert is available or the expert cannot give very much
information. It is possible to specify what is termed a non-informative prior. (Up
until now we have been considering informative priors). Suppose the range of values
that the random quantity of interest can take is finite. It would be possible to use
a Uniform prior over this range, i.e., all possible values in the range would be given
equal probability. It is also possible to choose parameters for other prior distributions
so that the distribution appears to be flat over the range of possible values for ©.

When © takes values over an infinite range, a prior that is sometimes used is the
following: 7(©) = 1/c, for all values of ©, where c is some constant. This prior is
not a probability density function, as [7(©)d© = oo and is termed an improper
prior density for this reason. Sometimes when improper priors are combined with
likelihoods they result in proper posterior densities and so in some cases it is possible
to use improper priors.

Objections to improper priors are for obvious reasons, i.e., they are not probability
density functions and so one must be very careful, as the posterior is not guaranteed to
be a proper density. See Lee (1997) for more details on improper priors and Uniform

priors.

3.2 Markov Chains

In this section we introduce a special type of stochastic process called the Markov
chain. Some definitions and main results are presented as they form the theory behind
the iterative simulation techniques that will be introduced in the next section. For
a more detailed study of Markov chains see Ross (2003) or Grimmett and Stirzaker

(2001).
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3.2.1 Basic Definitions

Definition 3.1 A stochastic process can be defined as a collection of random variables
{0, : t € T}, where T is called the index set. The {6;} take values in a set S, called

the state space, i.e., 8; = s;s € S,t e T.

If the index set is assumed to be countable, then we have a discrete time stochastic
process. Without loss of generality it will be assumed to be the set of natural numbers
N. In general the state space will be a subset of R?.

Note that in what follows we are assuming a discrete state space, as it is possible
to present the main theories of Markov chains in this way. Extending the theory to

more general state spaces is of course possible.

Definition 3.2 A stochastic process {6; : t € T} is called a discrete time Markov

chain with countable state space S if:
1.VYn>20, PO, eS)=1;
2. Markov property: ¥ n >0 and ¥V j,i,0ip_1,...,59 € S :

P(en—H — ]’0n =1, gn—l = lp_1y--- 760 = Z0) = IP’(0n+1 = ]Wn = Z)

Less formally stated, a Markov chain is a stochastic process where given the present

state, past and future states are independent of each other.

Definition 3.3 A discrete time Markov chain {0,} with countable state space S is

said to be time homogeneous (or homogeneous) if the conditional probabilities
P(en-H = .7’971 = Z)a
are independent of n,V 1,5 € S. This is also known as stationarity.

From here on we will assume that our state space S is discrete and that our Markov
chain is homogeneous. We will now examine the probabilities for moving around this

state space.
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3.2.2 Transition Probabilities

Definition 3.4 A transition probability P;; = P(6,+1 = j|0, = 1) is a function that
satisfies:

1. Fy=0. Y2,7E5;

L ZjeS Pj=1,V1i€S, ie., P is a probability distribution. Thus the transition

matriz
Pii Pis -« Pis
e Py Py ... Py
Pa Pa s P

18 a stochastic matriz. It is also called the Markov matriz.

We will denote by P} the probability of a chain moving from state 7 to state j
in exactly m steps. If we let 7% denote the initial distribution of the chain and we

denote by 7" the marginal distribution of the chain at stage n, then

7" = 7O P",

3.2.3 Classification of States

We will now consider some properties of the states themselves.

Definition 3.5 A state i € S is said to be recurrent (persistent) if the Markov chain
starting in 1 returns to v with probability 1, and it is said to be transient if it has positive
probability of not returning to i. A recurrent state is said to be positive recurrent if

the expected time to return to the state is finite, otherwise the state is null recurrent.

Recurrent states are infinitely often visited with probability 1. A Markov chain is
said to be recurrent if all its states are recurrent. Similarly a Markov chain is said to

be a positive recurrent chain if all its states are positive recurrent.
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Definition 3.6 State j is accessible from state i if there exists an n such that P; > 0.
States i and j communicate if i is accessible from j and j is accessible from i. States

that communicate with each other are said to be in the same class.

Definition 3.7 A Markov chain is irreducible if it has only one class, i.e., all states

can communicate with each other.

Definition 3.8 The period of a state i, denoted by d;, is the greatest common divisor

of the set
{n2z1: P} > 0}
A state 1 s said to be aperiodic if d; = 1.

For an irreducible chain all states have the same period. A chain is periodic with

period d if all its states have period d > 1 and aperiodic if all its states are aperiodic.

Definition 3.9 A chain that is positive recurrent and aperiodic is said to be ergodic.

3.2.4 Stationary Distribution

In using Markov chains for simulation it is necessary to study the behaviour of the
chain as the number of iterations n — oo. In looking at this asymptotic behaviour of

the chain a key concept is that of the stationary distribution of the chain.

Definition 3.10 A distribution 7, is said to be a stationary distribution of a Markov

chain with transition matriz P if
M= T,

If the marginal distribution at any given n is 7 then the distribution at n + 1 is
mP = 7, i.e., once the chain reaches a stage where 7 is its distribution, then the chain
keeps this distribution. The stationary distribution is also known as the invariant or
equilibrium distribution. It can be shown that if 7 exists and lim,,_,o, P;; = 7; then,
independently of the initial distribution of the chain, 7™ will approach 7 as n — oc.

In this case the distribution is also referred to as the limiting distribution.
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3.2.5 Stationary and Limiting Distribution Theorems

We present two definitions that are necessary for the consideration of the stationary

and limiting distribution theorems.

Definition 3.11 The first passage time is defined to be the probability that the first

th

visit to state j, given that the chain started in state i, takes place at the n*"" step, i.e.,

iT; = P(en :jaon—l #j)"')gl ?éjlgo = Z)
Definition 3.12 The mean recurrence time y; of a state i is defined as

‘ oo nfl if state i is recurrent;
pi = E(T; |60 = @) = cn o ,
00 if state i is transient,

where T; = min{n > 1: 6, =i}.

The following two theorems are stated but not proved; see for example Grimmett
and Stirzaker (2001) for detailed proofs. These theorems will be important when we
consider simulating Markov chains in order to draw samples from some distribution

of interest.

Theorem 3.1 An irreducible Markov chain has a stationary distribution 7 if and
only if all its states are positive recurrent. In this case 7 is unique and is given by

T = uL where p; is the mean recurrence time of state i.
1

Theorem 3.2 For an irreducible aperiodic chain:

1
lim PiP=—; Vi,j €S8S.
/-144

n—o0 Y j

Combining these two theorems we have that if a Markov chain is irreducible and

ergodic then

lim Fj; = — =n;.
n—oo J u]
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3.3 Markov Chain Monte Carlo

Suppose we are interested in simulating from some probability distribution 7(z), which
we will refer to as the target distribution. A Markov chain Monte Carlo (MCMC)
method is a method used to simulate from an ergodic Markov chain whose stationary
distribution is the target distribution m(z). The Monte Carlo part of MCMC refers to
the use of Monte Carlo integration to form sample averages in order to approximate
expectations.

MCMC techniques are used in the analysis of complex statistical models where,
for example, they provide a means of simulating from high dimensional distributions
when otherwise it would either be very difficult or impossible to perform direct sim-
ulation. High dimensional distributions often appear, for example, in the context of
hierarchical modelling or in models for spatial data. Gamerman (1997) and Gilks et al.
(1996) provide a more detailed and comprehensive treatment of MCMC with many
applications. In order to examine how MCMC techniques work we examine first what
is meant by Monte Carlo integration and then show how it is possible to construct a

Markov chain that has as its stationary distribution the target distribution 7(x).

3.3.1 Monte Carlo Integration

We look at Monte Carlo integration in the Bayesian setting. Let P(©|X) be the
posterior distribution of ©, where © could be a vector of random variables; © =

{6:,...,0,}. In the Bayesian setting © is the set of parameters of interest. Suppose

/f P(O|X)d

where f is some function of interest. Suppose we can obtain n samples, ©1), ... 0

we want to evaluate

of © from the posterior P(©|X). These samples can be used to form an approximation

as follows:

e :
Nﬁgf(@()
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Drawing samples and using the above approximation is a Monte Carlo method of eval-
uating the expectation. When the O, ... ©™ are independent, the approximation

is made more accurate by increasing n.

3.3.2 Simulation Using Markov Chains

In order to use Monte Carlo integration we need to be able to generate random samples
from the target distribution. For standard distributions, for example, the Normal,
Gamma, etc., it is straightforward to simulate from these distributions as there are
many algorithms for simulation available (Press et al. (1992)). For distributions that
are not of known form, and where there are high dimensional parameter spaces, it is
possible to use techniques based on Markov chains.

Suppose we simulate a homogeneous Markov chain, i.e., we generate a sequence
of random variables {Xy, X1,...}, where the X, is sampled from P(X;,|X;), i.e.,
the next state only depends on the present state and not on any other states and the
distribution P(.|.) does not depend on time, see Section 3.2. Given certain conditions
the chain will eventually converge to its unique stationary distribution ¢. The number
of iterations taken before the chain has reached its stationary distribution is known
as the burn-in period. All subsequent random variables that are generated will be
dependent samples approximately from the stationary distribution ¢.

As mentioned above, for Monte Carlo integration we require independent samples
from the distribution. However, it is possible to carry out Monte Carlo integration
where the samples are not independent, so long as they are drawn from the full support
of the distribution. We now need to construct a Markov chain whose stationary

distribution is not just an arbitrary distribution but the target distribution.

3.3.3 Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is a method of ensuring that the stationary dis-

tribution of a generated Markov chain is the desired distribution. The Metropolis-
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Hastings algorithm was first proposed by Metropolis et al. (1953) and then generalised
by Hastings (1970).

The basic idea of the algorithm is as follows. Given a state X; at time ¢ the
next state is chosen by first sampling a candidate Y from some proposal distribution
q(.|X:). The candidate is then accepted, i.e., X;,; = Y with probability a(X;,Y)

where

L f, Ae|y)
Hai= {1’w<x>qu>}' Bl

If the candidate state Y is not accepted then the chain remains in the same state,
i.e., Xi11 = X;. This algorithm has the advantage that there is no need to determine
the normalizing constant of the target distribution = (.) since it divides out in the
acceptance probability af, ).

The fact that ¢(.|.) can take any form and still yield 7 as the stationary distribution
of the chain can be seen from the following. The transition kernel for the Metropolis-

Hastings algorithm is:

P(X¢41 1Xt) = C](Y

X)a(X,,Y), X, 2Y,
P(/Yt+l|)(t) = 1- /q(}"’Xt)a(JX’t, }/)dY, if Xt = Xt—i—la

P(X;;1|X;) being the acceptance of the candidate state Y if X; # Y and if X; =
Xi+1, the rejection of all candidate states Y. From the definition of the acceptance

probability, Equation 3.1, it follows that
T(Xe)q( X1 Xe) (Xt Xiv1) = m(Xer1)q(Xe| Xew1) (X1, Xo). (32)
Combining Equation 3.2 with the transition kernel we have that
T(Xe)P(Xp1 | Xe) = m( X1 ) P(Xe| Xig1).- (3.3)

Equation 3.3 is known as the detailed balance equation. If we integrate Equation 3.3

with respect to X; we have that

/W(Xt)P(Xt+1|Xt)dXt = /W(Xt+1)P(Xt|Xt+1)dXt,
= 7(Xe11),
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i.e., we have obtained the marginal distribution for X;,; given that X, comes from
the stationary distribution 7. Thus, once X; is from the stationary distribution, any

subsequent samples will also be from the stationary distribution.

3.3.4 Metropolis and Random-Walk Metropolis Algorithms

The Metropolis algorithm consists of a symmetric proposal distribution, i.e., ¢(Y|X;) =

q(X:]Y') and so the acceptance probability reduces to

a(X,,Y) = min {1, :&)) } .

A special case of the Metropolis algorithm is the Random-Walk Metropolis algo-

rithm. For this algorithm the proposal distribution is of the form:
q(Y[X:) = q(|X: = Y).

An example of such a proposal distribution is Y ~ Normal(X/, 0?).

It is important to choose the proposal distribution for a random-walk carefully.
If the moves proposed are small, i.e., |X — Y| are small, then the acceptance rate
(the number of times a move is accepted divided by the total number of steps in the
chain) will be relatively high and it will take the chain a long time to explore the
target distribution (poor mixing). On the other hand if the moves proposed are large,
they will generally be rejected and the acceptance rate will be low and the chain
will fail to move. Both of these extremes need to be avoided. Where the target and
proposal distributions are Normal, optimal acceptance rates of approximately 0.45 for
one dimensional problems are suggested, with this rate being reduced as the number

of dimensions increases (Chib and Greenberg (1995)).

3.3.5 Gibbs Sampling

Gibbs sampling is a stochastic simulation method that uses Markov chains to sample
from a distribution of interest; it is an MCMC technique. The term Gibbs sampling

comes from an application in image processing where samples were drawn from a
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Gibbs distribution. In Geman and Geman (1984) the authors discussed Bayesian
restoration of images and the Gibbs distribution, specifically looking at sampling
schemes. But it wasn’t until Gelfand and Smith (1990) and Gelfand et al. (1990)
that the idea of Gibbs sampling began to be used in general. They pointed out that
this method could be used to sample from, not only the Gibbs distribution, but from
many other posterior distributions.

Gibbs sampling provides a method of sampling from the posterior distribution
of interest by means of successively sampling from the full conditional distributions.
Suppose P(6y,...,0;) is the distribution of interest. Let P;(6;|6_;) be the full condi-
tional distribution for 8;, 1 =1,...,k, where _; =0,,...,0;,_1,0;41,...,0,. Suppose
also that the full conditional distributions are easy to sample from, i.e., suppose that
P;(0;|6_;) is of some known distribution. The Gibbs sampling algorithm is then as

follows:
1. Initialise 0&0), o 01(c0)§
2. Generate

o~ Pyl B, 8

65 ~ Ba(8al67,....607");

8 ~ Bi(6:l67,...,69),

for j = 1,... until convergence is reached.
The 99 ), ) ,Hl(cj ) drawn after convergence has been reached are a sample from
P(61,...,0c). Note that proposed new values for the 6; are always accepted, no

accept/reject step is required. Gibbs sampling defines a Markov chain, since the

probability of moving to #Y) only depends on #Y~1 and not on the previous moves.
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3.3.6 Convergence

For each of the MCMC schemes detailed, we know that the stationary distribution is
the target distribution and that after a number of iterations (burn-in) the chain will
have reached its stationary distribution. After burn-in the chain is said to have con-
verged. The question is how long should burn-in be before we can say we are sampling
from the target distribution, i.e., before we can say we have reached convergence?

A number of diagnostic tools for assessing convergence exist. For example, Brooks
and Roberts (1998) and Cowles and Carlin (1996) provide details of tools based on a
statistical approach to the assessment of convergence.

For practical applications, trace plots of sampled values are often examined. A
chain that has the same qualitative behaviour (Gamerman (1997)) after a number of
iterations indicates convergence of that chain.

Iterative simulations can be slow-moving and it is important to note this when
making inferences based on finite-length sequences. For example, the random walk
can remain for many iterations in a region that has been influenced by the starting
point of the chain. Gelman and Rubin (1992) provide a tool for assessing conver-
gence that is based on running multiple independent chains whose starting values are
chosen from a distribution that is more variable than the target distribution (overdis-
persed). Their method examines between-chain variance and within-chain variance:
as chains become longer (and hence closer to convergence) the between-chain variance
will become smaller. The multiple sequences are analysed to form a distributional es-
timate (t-distribution) of the target random variable given the simulations so far.
The t-distribution will lie somewhere between the starting (overdispersed) distribu-
tion and the target distribution and it provides a basis for an estimate of how close

the simulation process is to convergence.
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3.4 Data Augmentation

The method of augmenting observed data with unobserved data in order to construct
an iterative optimization algorithm or a sampling algorithm is termed data augmen-
tation. This method is often used during the calculation of maximum likelihood
estimates or posterior modes, where it allows easier analysis of a problem. It is also
often used to facilitate Gibbs sampling.

The paper by Dempster et al. (1977) on the EM algorithm had an influence in pop-
ularising the idea of data augmentation for deterministic algorithms. The Data Aug-
mentation algorithm of Tanner and Wong (1987) for posterior sampling popularised
the method for stochastic algorithms. It was here that the term data augmentation
originated. This same method may also be seen in the physics literature where it is
termed the method of auxiliary variables. The paper by Swendsen and Wang (1987)
on sampling from the Ising and Potts models and their generalisations was influential
in this area. A detailed discussion of data augmentation may be found in van Dyk
and Meng (2001). It should be noted that implementing data augmentation schemes
requires skill and experience as the choice of scheme depends very much on the model

being considered.

3.4.1 The Method

Two cases where data augmentation may be used are first if we have incomplete
data and second where the likelihood function is intractable. Even in well-defined
experiments, it is often the case that we have missing values that make the estimation
of parameters difficult. The likelihood function can often be difficult to analyse for
some reason. The introduction of latent data (unobserved supplementary data in the
case of incomplete data, or unobserved random variables in the likelihood case) make
analysis easier.

According to Tanner and Wong (1987) the method of data augmentation applies

whenever the data can be augmented in such a way that:



CHAPTER 3. STATISTICAL METHODOLOGY 38

1. it becomes easier to analyse the augmented data;

2. it is easy to generate the augmented data, given the parameter(s).

In the case of analysing posterior densities, suppose we have observed data X whose
distribution depends on some parameter 6, where 6 is the parameter of interest, i.e.

we are interested in the distribution:
P(8]X).

Let 7(f) be the prior on #. Suppose now that the likelihood function P(X|6) is
not readily available, but suppose we can augment the data X easily with latent
(unobserved) data Z from the predictive density P(Z|X) such that the augmented

data (X, Z) is easy to analyse, i.e., the posterior distribution:
P9, Z|X) x P(X, Z|0)= (),

becomes easy to analyse because the likelihood P(X, Z|f) is available. Data aug-
mentation consists of successively sampling # and Z, then calculating the marginal

distribution of 4, i.e.,

P(4|X).

3.4.2 Example of Data Augmentation
Example 3.1 Poisson Model

We now present an example of data augmentation which is a simplified version of how
we will later on in this thesis (Sections 4.2.5 and 5.4) implement the method of data
augmentation. The introduction of the augmented data set (N7, N;) in this example
allows for the use of the Gibbs sampler and also for the estimation of the parameters
A1 and Ay which are not identified by the data N. When we implement this method
during the analysis of initiation models for the crack data in the following chapters,
together with facilitating the use of the Gibbs sampler, the data augmentation will
allow us to identify the proportion of the intensity of the Poisson model that is due

to various crack causing factors.
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Suppose we have the following Poisson model:
N ~ Poisson(A; + Aa).

We wish to make inferences about the parameters A\; and Aq, i.e. we are interested in
P(A;|N) and P(A;| V). Suppose we choose Gamma priors for both A; and Ay. Consider

first the joint distribution:

P(A;, A2|N =n) o« P(N =n|A, A)w(A1)7m(N2),
exp (—()\1 + /\2))(/\1 -+ )\2)”

= - m(A1)7(A2).

It is not so easy to analyse the conditional posterior distributions for A; and X, i.e.
P(A1|A2, N = n) and P(Az|A\;, N = n) respectively, as they are not of known form.
What we can do though, is augment the data as follows. Introduce two new random
variables N, and N,, where we define N, as:
P(N; = n;|N = n) ~ Binomial (n ——)“—-> ,
A1+ Ao
and N, = N — N;. We must show that the random variables we have defined, namely

N; and N, both have Poisson distributions with parameters A\; and A, respectively.

Lemma 3.1 N; ~ Poisson(A;).

Proof:

P(Ny =n1) = > PN =m|N=n)P(N=n),

n=nz
=
i e n )\1'{'/\2 )\1+/\2 n! ,

= 1 n ne _—A1 ,—A
— Z ' ‘(/\1)1()\2) 207 Mp 2’

il AR

eM(A)™ — e (Xy)™

7’L1! Nl ng! i
6_/\1()\1)”1

b]

Tll!



CHAPTER 3. STATISTICAL METHODOLOGY 40

where A = \; + A\y. Therefore N, ~ Poisson(A;). With a similar argument to that
used in Lemma 3.1 it is possible to show that Ny ~ Poisson(As). We must now show

that the random variables N; and N, are independent.
Lemma 3.2 ]P(Nl =Ny, NQ = TLQ) = P(Nl = Tll)P(NQ = ng).

Proof:

P(N1 =n, Ny = nz) = P(Nl =n;, N - N, = le),
= P(N, =n;, N =n; +no),
= P(N =n; + TLQ)P(IVl = n1|N =N +n2),

e;)\(/\)nl—kng /n1+n2 ( /\1 >n< /\2 >n2

(Tll I 77,2)' ny /\1 = )\2 )\1 + )\2

e (A)™ e (A)™

TLl! TLQ!

Given the random variable N ~ Poisson(\; + As) we have constructed the inde-

pendent random variables N; ~ Poisson(\;) and Ny ~ Poisson(A;). Thus

]P)(/\l, )\2|N1 =N, 17\[2 = n-z) X P(l\fl =N, IVQ = ’I’ng\l, /\2)7(()\1)77'(/\2),
= P(N; = ny)P(Ny = ng)w(A)7(Aa).

It is possible to show that P(A;|A2, N1, N3) and P(A2|A1, N1, N3) both have Gamma
distributions since we have chosen a Gamma prior for both A; and \,. Hence for
the algorithm we simulate n; ~ Binomial (n, Xﬁ‘/\—), and ny = n — ny, we can then

simulate A\; and A\, given n; and ns.

3.5 Bayesian Kriging

It is sometimes necessary that we interpolate the data that we have available in

order to estimate responses at locations other than those given. Kriging is a method
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used for the interpolation or prediction of spatial data. See Cressie (1993), Diggle and
Ribeiro Jr. (2000) and WinBUGS (June 2003) for more details. Consider a continuous
study region A € R?2. We have a set of locations (z;,7;), i = 1,..., N, and at each
of these locations we have a scalar measurement (response) Y; = Y (z;,y;), where in
principle the Y;’s can be located anywhere in A. We consider the real-valued stochastic

process:

{Y(z,y) : (z,9) € A}

The Y; can be thought of as a “noisy” version of an underlying random variable
S(z;,yi), which is the value at location (z;,y;) of another process {S(z,y) : (z,y) €
R?}. S(.) is sometimes referred to as the signal. The stochastic process S(z,y) is
a stationary Gaussian process, i.e., the joint distribution of S(z1,¥1),...,S(Zn, Yn)
is a multivariate Normal for any integer n and set of locations {(z;,y;)}, the ex-
pectation E[S(z,y)] = wu(z,y) for all locations (z,y), the variance of S(z,y) is o?
for all locations and the correlation between S(z,y;) and S(zs,y-) depends only on
Euclidean distance (isotropic). The mean of the Gaussian process S(.) can be ex-
pressed as pu(z,y) = >, B Xk(z,y), where Xi(z,y) are a set of k spatially-referenced

explanatory variables.

The model for the data can then be expressed as:

Y ~ MVN (u, Y +¢21> ,

where )" is an N x N correlation matrix, i.e., > = f(di;;©), f(,) is a corre-

2 is the variance of the nugget effect (small scale variation and

lation function, 7
measurement error) and d;; is Euclidean distance. Equivalently, conditional on S(.),
Y; ~ Normal(S(z;, y;), 72).

Suppose we are interested in predicting responses 7}, j = 1,..., M at locations
(z;,y;). The parameters {5}, 02 and © must be estimated and in Bayesian kriging

we choose an appropriate prior distribution for each of them. From the properties of

the multivariate Normal distribution and Bayes’ theorem, it can be shown that the
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conditional distribution for 7" given Y is as follows:

B(T]Y) ~ MVN(ury, Y),
T|Y

pryy = pl+ Cov(T,Y)Var(Y)™H(Y — pul),
Z = Var(T) — Cov(T,Y)Var(Y) 'Cov(Y, T),

T|Y

and thus we can obtain estimates for the responses 7, 7 =1,..., M.




Chapter 4

Discrete Initiation Model

As was mentioned previously, damage accumulation is defined to be the initiation and
growth of fatigue cracks. In order to model damage accumulation it is necessary to
model the initiation of the cracks in the bone cement. As discussed, various models
have been proposed for the initiation of these cracks. We now present a model that
utilises the spatial information that is available in the data, namely the crack loca-
tions (given as x and y coordinates). Local properties of the bone cement such as
irregularities in the cement due to pores or air bubbles (unmeasured), or local stresses
(measured) have an impact on the initiation of cracks. We propose a spatially discrete
model for crack initiation that incorporates both the observed and unobserved factors

that influence crack initiation.

4.1 Modelling Approach

As detailed in Chapter 2, the data collected consist of crack locations for each crack
in each of the five specimens, together with stress measurements (compression and
tension) obtained through a finite element analysis. The crack locations consist of
spatial coordinates of both the start and end points of each crack. The stress mea-
surements are identical for the five specimens, as only one set of stress measurements

was taken. In this chapter we wish to model the initiation of cracks during the stress

43
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loading. We will only be concerned with those cracks that have formed during the
stress-loading (i.e, load-cracks) and not with the cracks which have formed prior to
the loading. Also we will only be considering the start locations of the load-cracks.
See Figures 4.1 and 4.2 (left hand side) for images of the load-crack start locations in
each of the five specimens.

Various models for crack initiation have been proposed, see Section 2.7. We wish
to model the initiation of the cracks as a spatial process. Having observed the crack
locations (and hence counts of cracks in regions are available) together with estimates
of the stress intensities, we would like to make inferences about the underlying process
that has given rise to the cracks. In doing so we would like to make use of the spatial
information available to model the relationship between stress (both compression and

tension), unobserved covariates and crack initiation.

4.1.1 Approaches to Modelling Count Data

An approach when considering data consisting of actual spatial coordinates, such
as we have, is to aggregate the data over some grid/partition and then model the
resulting count data (Ickstadt and Wolpert (1997)). The grid, often referred to as
a “lattice” (Cressie (1993)), denotes a countable collection of (spatial) sites and it
is often possible to specify neighbourhood information for the lattice. In disease
mapping, where the number of disease cases in each geographical region is of interest,
the data are often supplied as count data (Elliott et al. (2000)).

The choice then becomes how to model the count data. One method in modelling
the count data is to perform a variance stabilizing transformation and then treat the
count data as having a Normal distribution (Cressie (1993)), but as noted in Ickstadt
and Wolpert (1997) this Gaussian model does not respect the discrete nature of the
count data.

A natural choice when dealing with count data is to use the Poisson distribution.
A type of model sometimes used is the log-linear Poisson model. In this case the

count data are modelled as Poisson and the logarithms of the intensity can then be
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Figure 4.1: Diagrams on the left indicate individual crack locations for specimens 1
to 3 (top to bottom) with corresponding image diagrams on the right of the windows
divided into an arbitrary grid of polygons shaded according to the observed number

of cracks.
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Figure 4.2: Diagrams on the left indicate individual crack locations for specimens 4
and 5 (top and bottom respectively) with corresponding image diagrams on the right
of the windows divided into an arbitrary grid of polygons shaded according to the
observed number of cracks. (Due to the non-uniformity of the bone strips used in the
experimental model described in Section 2.6.1, some cracks appear to be outside of

the windows, but are in fact inside.)
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modelled with a Gaussian random field. Unfortunately if the level of aggregation is
not the desired level and we wish to aggregate the regions or refine the partition the
model does not scale so easily. We would expect sums for the intensity if we aggregate
regions but instead we get products. Thus the choice of lattice is very important as

the analysis would have to be repeated if a new level of aggregation is desired.

4.1.2 Identity-Link Poisson Regression Model

An alternative model for the Poisson random variable is to model it using an identity-
link Poisson regression model. As already mentioned, when a logarithmic-link is
proposed, attempting to aggregate the partition leads to products for the Poisson
means of the new aggregated regions instead of sums, as would be desired. The
identity-link does not have this problem as it is consistent under aggregation and
refinement of the partition. Poisson regression models with identity link functions
have been used in various applications, for example, in spatial epidemiology (Best
et al. (2000b)) and in the examination of forest inhomogeneity (Ickstadt and Wolpert
(1997)).

Thus we choose a partition of our windows and count the number of cracks in
each of the regions of the partition and model the count as a Poisson random variable
which in turn is modelled with an identity-link regression model.

The next step is then to consider how to relate the Poisson random variables, one
associated with each region, to both the observed and unobserved factors that are
believed to have an influence on the Poisson random variables. In our case how to

relate the Poisson random variables to stress and any influential unobserved factors.

4.2 Model Specification

To begin we choose an arbitrary partition of both the lateral and medial windows and
we introduce some notation and specify the factors which we believe have an influence

on the Poisson intensity.
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4.2.1 The Partition and the Intensity

We choose to divide the lateral and medial windows into an arbitrary grid/partition
consisting of 22 polygons in each window. Figures 4.1 and 4.2 (right hand side)
indicate the crack count for this arbitrary grid for each of the specimens. Each
polygon is shaded according to the number of cracks observed in the polygon. Figure
4.3 also gives details of the counts for this arbitrary grid.

Let P;; denote polygon j of specimen ¢, 1 =1,...,5; j=1,...,44. We denote by
N(P;j) = N;; the count of cracks in polygon P;;. We model the crack count in each
polygon as having an independent Poisson distribution with some unknown intensity,
pij- As we are modelling the crack count in a Bayesian setting, the intensity can be
considered as a random variable.

Dobson (2002) describes the events of a Poisson process as being related to varying
amounts of “exposure” which need to be taken into account when modelling the
intensity. Consider the simple example given by Dobson where counts of occupational
injuries are being modelled as Poisson distributed; each worker is exposed for the
period that they are at work, so the Poisson rate (one-dimensional intensity) may be
defined in terms of this time spent at work. In our spatial context this “exposure”

may be thought of as the area of the polygons, giving
E(Nij) = pij = AjAij,

where A; is the area of polygon P;; (note, not all A; are equal) and J;; is the unit-area
intensity.

The influence that any explanatory variables have on the crack counts N;; is
modelled by 1;; through A;;. This immediately raises the question of what explanatory

variables are available in this case?

4.2.2 Explanatory Variables

As well as individual crack locations, the data provided also include a finite element

analysis of the stress measurements. Figure 4.4 gives locations and measurements for



CHAPTER 4. DISCRETE INITIATION MODEL 49

8
g_
8_
>8
g £
S g g
8_
&1 : ; S
— LT ? =
I s | MM | 90 li] 5 it AT
1 2 3 4 (3 o 20 40 60 80

specimen count

(a) (b)

Figure 4.3: (a) shows a boxplot of the count of cracks in the polygons for each of the

specimens. (b) shows a histogram of the count of cracks for all specimens.

the finite element stress analysis, (note that positive stress measurements denote ten-
sion, negative values indicate compression). Instead of using the stress measurements
as presented, we have kriged the stress measurements in order to obtain estimates of
the stress at the centroids of each of the polygons. This allows us to relate the count
of cracks in a polygon to a single stress measurement at the centroid of the polygon.

In carrying out Bayesian kriging (see Section 3.5) we assume the nugget variance
is negligible and so set 72 = 0. For each of the given stress measurements S, at lo-
cation n, we set u, = [ and we choose the correlation function an = exp (—ddnm),
where d,,,, is the Euclidean distance between locations n and m. For the unknown
parameters 3,02 and ¢ we choose Gaussian, Gamma and Uniform priors, respec-
tively. We carry out inference to estimate these parameters and then predict the
stress measurements at the centroids of each of the polygons.

See Figure 4.5 for an image detailing the kriged values of the stress. We denote by
C; and Tj the compression and tension respectively at the centroid of polygon P;; for
alli=1,...,5. Note that only one of C; and Tj will be non-zero for a given polygon

centroid, as compression and tension cannot both be present at a given location.
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Figure 4.4: (a) indicates the locations at which finite element measurements of stress
were calculated. (b) shows the spread of stress intensities that were calculated (mea-

sured) in the finite element analysis.

Both compression and tension have an effect on crack initiation and we would like to
estimate the effect that each has, see Section 2.4.1.

Another factor that has an impact on the initiation of cracks is the distribution of
pores (air bubbles) in the bone cement. As detailed in Section 2.4.2 the mixing of the
cement is a very important step during the operation as it is possible for air bubbles to
become trapped in the cement while it is being prepared. As also detailed in Section
2.4.2 the pores have an impact on the initiation of the cracks in the cement. In the
experiment from which our data come, it was not possible to locate pores within the
cement. Thus we do not have any idea as to the distribution of the pores in each of
the specimens. We would like to incorporate this important factor in our model for
the initiation of cracks and to do this we model the unobserved distribution of pores
using hidden or latent spatial variables, which will also model excess variability due

to other unobserved factors.
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Figure 4.5: Kriged values of compression and tension for each of the polygons.

4.2.3 Poisson Regression Model with Identity Link

We model the dependence of the random unit area intensity A;; on the explanatory
variables (stress, latent) using a Poisson regression model with identity link (Dobson

(2002)):

44
Xij =BiCj+ BT+ Y wigin, i=1,...,5 j=1,...,44, (4.1)
k=1

where [ is the coefficient of compression and (3, is the coefficient of tension. We choose
to model the effect of compression and tension without a specimen effect. The reason
for this is that we have only one set of stress measurements for all of the specimens
and so we do not expect to be able to model a specimen effect. {7;;} is defined to
be the set of latent factors with one factor for each polygon. These latent factors
represent the effect in polygon Pj; of the unobserved spatially distributed factors that
have an influence on crack initiation. The amount of influence that these factors have

on causing cracks to form in a given polygon is governed by wj, a Gaussian kernel
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which depends on Euclidean distance, i.e.,

R
w]k = 27Tp2 exp 2p2 )

where dj; is the Euclidean distance from the centroid of polygon F;; to the centroid
of polygon Pj. If a polygon is far away from the polygon whose crack count we are
modelling then the kernel will be relatively small and so the influence from the latent
factor in this polygon will be small. This influence is controlled by the parameter p.
We make the following assumption: when considering the crack count in a particular
polygon, the latent factors associated with the polygons in the other window do not
have any influence in causing cracks to form in this polygon. We make this assumption
as there is no physical link between the windows in the experimental model, see Figure
2.3(a). Thus, in Equation 4.1 the kernel w;;, = 0 if polygon P is not in the same

window as polygon F;.

4.2.4 Prior Information

The parameters [, 52, {7i;}, and p are all uncertain. 3, quantifies the influence of
compression on cracks forming, 3, quantifies the influence of tension on the initiation
of cracks, and the {v;;} quantify the influence of unobserved, spatially varying factors
on crack formation. The parameter p indicates over what distance the effect of the
latent spatial variables is felt, answering the question: Do these unobserved spatially
varying factors only have an influence locally or is their influence more far-reaching?
All of these parameters are of interest and we would like to estimate each of them.
We will make inferences about each of these parameters using Bayesian analysis.

In order to model these parameters using a Bayesian analysis, we must choose
prior distributions for each of them. We choose independent prior distributions. For
the coefficients of compression and tension we choose independent prior distributions
as physically compression and tension will not both be present in a given polygon.
For each of (31, 82, {7ix} we choose Gamma priors. One reason for choosing Gamma

priors is that the mean of the Poisson must be non-negative; another is our belief that
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each of these corresponding factors positively influences the formation of cracks. We
also have reason to believe from communications with engineers that tension stresses
have a greater impact in crack initiation than do compression stresses and our priors

should reflect this knowledge. We choose the following priors:

n(f1) ~ Gamma(a; =1,b =0.1),
m(B2) ~ Gamma(as = 3,by =0.1),

m(v5) ~ Gamma(a, =1,b, =0.1), V i,j.

We return to the question of inference for p in Section 4.3.

4.2.5 Posterior Distribution

The joint posterior distribution is proportional to the product of the joint likelihood

and independent priors:

P(B1, B2, {733}, PH{Ni;}) o P({Ni;}B1, Bas { i} ) (Br) 7 (B2) 7 () H (%)

— H{eXp(—lj\zZ;!(mj) ijw(%j)}vr(ﬁl)n(ﬁz)ﬂ(p),

In order to make inferences about the unknown parameters of interest we make use
of the MCMC techniques that are available, see Section 3.3. By using the technique
of data augmentation, see Section 3.4, the full conditional distributions for i, f5s,
and {v;;} are of known form, (they have Gamma distributions). The choice of prior
distributions (Gamma) for each of these parameters has also made this possible as
we are exploiting the conjugacy of the prior distributions. In augmenting the data
we introduce a set of new random variables, {NV;;;}, by breaking up the count N;; of
cracks in each polygon into a sum of counts, where each of these new counts represents
the number of cracks that are attributable either to compression, tension or one of
the latent factors. See Appendix A.1.1 for full details.

With the inclusion of this data augmentation step the full conditional distributions

for 51, 52, and {7} are available in known form. This makes the use of the Gibbs
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sampler, see Section 3.3.5, a natural choice of MCMC technique to use in order to draw
samples from the full posterior distribution. It can easily be shown (see Appendix

A.1.2) that the full conditional distributions are as follows:
P(61|B2, {7ik},p) ~ Gamma Z Nip + 03,8 ZCjAj A bl) ;
ij J

P(B2|B1, {7ik},p) ~ Gamma Z Nija + as,5 ZTjAj -+ bz) :
5] ]

P(vik|B1, B2, p) ~ Gamma Z Nijki2 + 0y, ijkAj =+ bg> \
J J

See Appendix A.1.1 for definitions of V;;.

4.3 Investigation of the Kernel Parameter p

The Gaussian kernel, w;; = exp {(—|d;x|*/(2p*)}/(27p?), governs the influence on
the crack count in polygon P;; arising from the latent variable +;; in polygon P.
The parameter p > 0 determines how rapidly this influence declines with increasing
distance from the centre of polygon P;;. As p gets larger, the kernel w;; becomes
flatter, as p becomes smaller the kernel becomes more peaked and the latent variables
associated with far away (relative to p) polygons have less of an influence on the crack

count in polygon F;;. See Figure 4.6.

4.3.1 Other Applications Using a Gaussian Kernel

Best et al. (2000b) used this type of kernel in their identity link spatial regression
model which related the prevalence of respiratory illness in children in Huddersfield,
UK, to NO; concentrations and unmeasured factors. The authors treated p as fixed
or certain. Several different fixed values for p were considered and the value for p
that was chosen was the one that gave results that were most consistent with the
data. Best et al. (2000a), again examining the prevalence of respiratory illness in

children using an identity link regression model, chose a Lognormal prior for p. The
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Figure 4.6: Gaussian kernels for two values of p. On the left p = 2 and on the right

p = 3. The x and y ranges are (1,15) for both plots.

mean and variance of this Lognormal prior reflected the fact that spatial effects on a
small scale would not be detectable and those on a much larger scale would appear
as large-scale trends. Wolpert and Ickstadt (1998a) analyse the density and spatial
correlation of hickory trees and they also use a Gaussian kernel in their analysis, again

with Lognormal prior with appropriate mean and variance parameters.

4.3.2 Exploratory Analysis for p

As an initial examination of the parameter p we look at the log-likelihood function

for each specimen, fori=1,...,5

P({Ni; } B, Ba, {5}, pm) = Z{_Mij + N;;log(pij) — log(N;;!)},

where

k

Wi = L exp —ldjk|2
: 2mp2, 202, )’
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for the range of p values 0.01 = p; < po < ... < Py < ... < puy = 20. This was done
as follows. For each p,, we calculated

T

P({N;;}|B1, Bos {7} om) = % 3 PN HBY, 8P, (72},

t=1
where 8, 8\ and {’yl(;)} are the parameter estimates obtained at each iteration of
the MCMC algorithm when p is fixed at the value p,,,. Thus P({Nij}wl, B2, {7ij}> pm)
is an estimate of E[P({N;;}|51, B2, {7;})] with respect to the posterior distribution
P(B1, B2, {is}|p, {Nig}). For each py, we then plot (pm, P({Nij}|B1, B2, {75}, pm)) as

can be seen in Figure 4.7.
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Figure 4.7: Estimated log-likelihood, If”({Nij}[,Bl,ﬁ% {7}, pm) calculated for p,, €
[0.01, 20] for each of the five specimens. The log-likelihood was estimated using sample
values for (1, B2, and {v;;} from the posterior distribution obtained from the MCMC

program. The dashed black line is at p = 2.

The log-likelihood was calculated by running the MCMC algorithm, Section B.1,
for each of the specimens individually, with p having a fixed value, for an appropriate

burn-in period. One thousand samples were then taken for each of £y, 52 and {v;;}
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Figure 4.8: (a) shows the logarithm of the likelihood times different priors for Speci-
men 5. (b) shows Lognormal priors for different parameters, these are the correspond-

ing priors used in Figure (a).

and averaged. The plots for each of the five specimens clearly show that values less
than approximately 2 are to be favoured for p. As p becomes larger, i.e., the kernel
becomes more diffuse, the log-likelihood decreases. This is as we would expect in
light of engineering intuition that the influence of the latent factors is of a localised
nature. Based on the information from the likelihood and from the range over which
it is believed the latent variables have an influence, it would be possible to treat p as
fixed and carry out inference for the other parameters.

We also examined the effect of including a Lognormal prior for p. Figure 4.8(a)
shows the logarithm of the likelihood times a Lognormal prior for p with different
mean and variance parameters for the prior, Figure 4.8(b) shows the Lognormal priors
used. The Lognormal prior has the effect of making small values for p, (p < 2), i.e.,
kernels that are peaked, less likely, meaning the latent influence is not so localised.
The prior parameters should reflect the beliefs as to the range over which interactions
from latent factors are to be expected. For a given value of p, most of the Gaussian

kernel will lie within a radius of 2p of the centroid of the polygon. A polygon is
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approximately 6 units across. We would like a prior for p to allow influence outside a

given polygon and so the prior mean for p should reflect this.

4.3.3 Simulation Study

In order to investigate the identifiability of the parameters, in particular p, we carried
out a simulation study. Fixing the parameters at known values we simulated count
data from a Poisson distribution, using the statistical package R, for 44 polygons of
the same area as each of the polygons in the experimental model. Inputing the result-
ing simulated count data, we used the MCMC algorithm in order to obtain estimates
of our known parameters. We choose a Lognormal prior distribution for p with pa-
rameters: y = 1 and o0 = 1.4, giving a prior mean of ~ 7.2. As was noted by Best
et al. (2000b), the likelihood function for p is complicated and doesn’t facilitate Gibbs
sampling. Instead we use a Gaussian random walk. The full MCMC algorithm with
details of the random walk step can be found in Section B.1. The data were simulated
with the following values: ; = 0.01, 5, = 0.03 and p = 3. See Figure 4.9 for image
plots of the stresses, 7’s, simulated counts, and the resulting v estimates. Table 4.1
presents quantiles of the parameters: 31, 8> and p. From these results it appears that

the parameters are reasonably well estimated.

Ouamitiles
Parameter | s | 5007 | 95 %
8 | o0.001|0.007 | 0.025
B |0.009| 0.02 |0.033
p 268 | 3.14 | 3.48

Table 4.1: Quantiles for ;, #, and p for the simulated data.
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4.4 MCMC Algorithm

We now present a brief outline of the MCMC algorithm for obtaining samples from
the posterior distribution for each of the parameters: [, 52, {7}, and p. A more

detailed algorithm is contained in Appendix B.1.

Algorithm
1. Initialise 31, B2, {7i;}, p, and set the iteration counter r = 0.
2. Calculate the Gaussian kernel w](-;;) for each pair of polygons P;; and Pj.

3. Simulate N7 for all , j, k.

j
4. Using Gibbs sampling simulate 4\, 8 and {72(;)}

5. Propose pies from Normal(p"=Y), o) and accept ps; with probability «, other-

wise p() = p(r—1),

6. Set r =r + 1 and repeat Step 2 through 5.

4.5 Results

4.5.1 Running the MCMC Algorithm

We now present the estimates of the 5 parameters and the parameter p based on data
for the five specimens. See Table 4.2 for quantiles and kernel density estimates for
each of the parameters. The estimates for the parameters are based on sample values
obtained from the posterior distribution by running the MCMC algorithm detailed
in Section B.1. We computed 15,000 iterations of the program attributing the first
3,000 to burn-in. We examined each of the chains visually in order to inspect for
lack of convergence. The chains appeared to have converged. We also ran multiple

independent chains from various starting points. No evidence for lack of convergence
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was found. Trace plots of some parameters may be found in Appendix B.4, Figures

B.1 and B.2.

4.5.2 Estimates of the v’s

We present the estimates for the latent parameters in the form of image plots. For
each polygon we present the posterior median value of A; ", w;rYik, obtained from
the MCMC algorithm. These plots show an estimate of the latent contribution to
the intensity. See Figures 4.10 and 4.11. These may be compared with the median

intensity for each of the polygons presented in Figures 4.15 and 4.16.

Quantiles KDE'’s and
Parameter | sor | 5005 | 05 % Brlons
S}' |
Bi 19¢4|2.5e73 | 1.1e 2 | boea
5, 5.1e | 1.6e-3 | 3.8¢-3 | L. |
p 214 | 224 | 2.33 _/ ]

Table 4.2: Quantiles and plots of kernel density estimates and priors (red) for the

parameters 31, 3 and p based on data from all five specimens.

4.5.3 Posterior Predictive Distribution for Counts

We calculate the posterior predictive distribution for the count of cracks in each

polygon using the Rao-Blackwellized estimator (Section 3.1.5):

P(N,

"
Ny}) = Z (N (003, BT B8 0% 47 D), (4.2)
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where R is the total number of iterations after burn-in. This was carried out as follows

)
exp (—ui) (1))

P(Ni; =nl...) = o

= fory (4.3)

and the estimator is given by the following:

R

~ 1 =k

P(Ni;{ Nij}) = I E T =0 | =0T
r=1

We then calculate the cumulative sum of (f,) and obtain 95% quantiles for the pre-
dicted counts. This was done for the count in each polygon of each specimen. In
Figure 4.12 we show for each of the polygons of Specimen 3 the actual count and the

median posterior predicted count (and 95% quantiles), based on this estimate.

4.5.4 Zero-Inflated Poisson Distribution

One point to note when examining Figure 4.12 is that the zero counts appear not to
be so well modelled. The overabundance of observed zero counts could be modelled
by treating the zero counts differently from the non-zero counts. One way of doing
this is to consider a zero-inflated Poisson Distribution (Ridout et al. (1998)). N has

a zero-inflated Poisson (ZIP) distribution if

mo + (1 — m) exp(—p), n=0;

(1 — mp)22lle” -y 5,

where 7 is the proportion of zero counts, 0 < m9 < 1. For the ZIP distribution

E(N) = (1 = mo)p;

Var(N) = (1 — mo)u(1 + mop).

Thus the ZIP distribution has a variance that is greater than its mean, allowing for
overdispersion.

We re-calculate the posterior predictive for the count of cracks in each polygon
again using the Rao-Blackwellized estimator, Equation 4.2 and replace Equation 4.3

with the ZIP distribution, where 7, is the proportion of polygons having zero count.
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For each of the polygons of Specimen 3 we present the actual count and the median
posterior predicted count (and 95% quantiles), based on this estimate obtained using
the ZIP distribution, see Figure 4.13. It would appear from this figure that the zero

counts are better modelled using this distribution.

4.5.5 Cross-Validation Predictive Density

We will carry out a cross-validation analysis by omitting the count, for each polygon
in turn, and examining the resulting predictive densitites. It is not possible to omit
a full specimen from the analysis as the latent factors, the 7;;’s are specimen specific.
For our purposes the set of cross-validation densities is given by {P(N;;|[{N_;})}
where {/N_;;} denotes all counts excepts the count N;; for polygon P;;. The density
P(N;;|{N_i;}) gives an indication of what values of NNV;; are likely when we fit the
model but leave out the count N;;. We then compare the true N;; with this density
and see how likely it is under the model we have chosen. More details of the method
can be found in Gilks et al. (1996).

We carry out this cross-validation in the following way. For specimen i we omit
the count for polygon j and input all other data into the MCMC algorithm. All pa-
rameters 31, 82, p and {7;;} are estimated as usual. At each iteration m of the MCMC
algorithm a count Ni(jm) is simulated from a Poisson distribution where the parameter
of the distribution is given by u = (B V¢; + B UT; + T wipy ) A;.

For N;; we then calculate the posterior predictive distribution as follows:
POV HN-5}) = [ BN 8, {N_i;})POHN D)o
where § = [, B2, p, {7i;}. We again use a Rao-Blackwellized estimate:
P(Ny{N-i;}) = 37 Z BN, 181, 857, 6™, (1)),

where M is the total number of iterations after burn-in.
The results of this analysis are presented for Specimen 3 in Figure 4.14. Here

we have omitted the count for each polygon in turn and predicted the count for
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this polygon. As can be seen from the figure, all true counts, except one, lie within
the 95% predicted intervals. This would suggest that the model is an adequate one.
Another indication of the adequacy of the model is given by calculating the percentage
of counts that fall into the 50% equal-tailed predictive intervals. This percentage is
47.7%, which suggests that the interval lengths are of the right size. We would expect
with a reasonably well-fitting model, that approximately 50% of the observed data

would lie in the predictive intervals.

4.6 Conclusions

In this chapter we have presented a spatial regression based approach to modelling the
influence that both measured (stress) and unmeasured (latent) factors have in causing
cracks to initiate in the bone cement during stress loading. One of the most important
aspects of the model is the detection of latent spatial factors and the estimation of
the distance over which these factors appear to have an influence. We present an
in-depth examination of the variance parameter p? of the Gaussian kernel, showing
through a simulation study that it is possible with reasonable accuracy to estimate
this parameter.

The estimates that we obtain for p suggest that the latent random effects have a
short-range influence and this finding agrees with the literature. The partition size
that we have chosen may be too large for us to determine if the influence is of a
shorter range. A refinement of the partition may be considered, i.e., refining the
areas of the polygons upon which the latent spatial factors are defined. The choice of
refinement may be difficult, each time we refine the partition we may believe that a
further refinement is desirable. The ultimate refinement is to treat the latent spatial
effects as a continuous random field, as we do in Chapter 5.

Usirg a finite partition of the area has advantages, namely that in future experi-
ments it would be possible to apply this model to data where counts of cracks have

been taken as opposed to the more time consuming task of locating each crack and
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obtaining its coordinates.
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(a) Stress (b) 7’s

(c¢) Simulated Counts (d) Median Estimates of ’s

Figure 4.9: Image plots for the simulation study, showing (a) stress, (b) 7’s, (c)

simulated Poisson counts and (d) estimated 7’s.
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(a) Specimen 1 (b) Specimen 2

(c) Specimen 3 (d) Specimen 4

Figure 4.10: The posterior median estimates of the latent contribution, A; >k WikYik

for exch polygon, (Specimens 1 to 4).
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(a) Specimen 5

Figure 4.11: The posterior median estimates of the latent contribution, A; >, w;xVik

for each polygon of Specimen 5.
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Figure 4.12: For each polygon (x-axis) of Specimen 3 we show the actual count (red
star), and the median posterior predicted count (black circle), together with 95%

quantiles for the predicted counts.
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Figure 4.13: For each polygon (x-axis) of Specimen 3 we show the actual count (red
star), and the median posterior predicted count (black circle), together with 95%

quantiles for the predicted counts, based on the ZIP distribution.
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Figure 4.14: For each polygon (x-axis) of Specimen 3 we show the actual count (red
star), and the median posterior predicted count (black circle), together with 95%
quantiles for the predicted counts, based on carrying out the analysis with the count

for the relevant polygon omitted.
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(a) Specimen 1 (b) Specimen 2

LLLLL)

(c) Specimen 3 (d) Specimen 4

Figure 4.15: Posterior medians of A;;’s for Specimens 1 to 4.
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(a) Specimen 5

Figure 4.16: Posterior medians of A;;’s for Specimen 5



Chapter 5

Continuous Initiation Model

We propose a spatial model for the initiation of cracks in the bone cement, this
time using a continuous spatial field. The discrete model presented in Chapter 4
necessitated the choice of an arbitrary grid and the aggregation of the data in order
to form counts of cracks in regions. This model allows the crack locations to be
modelled without having to aggregate the data. This model also incorporates the
observed (stress) and unobserved (latent) spatial factors which influence the formation
of cracks in the bone cement again using an identity-link Poisson regression model.
The latent spatial factors are modelled using a Gamma random field. Similar models
have been used in an epidemiological study (Best et al. (2000a)) and in the modelling
of origin/destination trip data (Ickstadt and Wolpert (1999)) which are based on
Bayesian hierarchical point process models which were developed by Wolpert and

Ickstadt (1998a).

5.1 Poisson Random Field

5.1.1 Marked Poisson Process

Consider again the load-crack locations. This time, instead of creating a discrete

lattice or grid of polygons and counting the number of cracks in each polygon, we look

72
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at the coordinates of the start locations of the cracks, i.e., the actual measurements
that were presented in the data. We denote by [;; the spatial coordinates (location) of
crack j of specimen i. Let us consider what we mean by a spatial point process. See
Cox and Isham (1980), Cressie (1993) and Diggle (2003) for a detailed introduction

to spatial point processes.

Definition 5.1 A spatial point process is a stochastic mechanism which generates a

countable set of events in Fuclidean space.
A particular type of point process is the Poisson process, see Kingman (1993).

Definition 5.2 A Poisson process on R? is a random countable subset S of R?, such
that
1. for any disjoint measurable subsets Ay, A, ..., A, of R?, the random
variables N(A,), N(Ay),..., N(A,) are independent;
2. N(A) is Poisson distributed with mean u(A), 0 < u(A) < oo, i.e.,

o e_u(4)u(‘4)n

] =0, 15
n!

where N(A) = #{S N A}, the measurable sets are the Borel sets, and

u(4) = [ Aa)ds, e R,
A
where \(x) is a non-negative valued function called the intensity function.

If A(x) is constant, then the process is referred to as a homogeneous or uniform
Poisson process, otherwise the process is termed an inhomogeneous Poisson process.
Note that the intensity function is the two-dimensional analogue of the rate function
of the one-dimensional Poisson process.

The set of crack locations {l;;} can be thought of as a random countable subset
of some space £ C R?. In particular we can model this set of crack locations as
a Poisson process L on L, i.e., for any disjoint measurable subsets A, As,..., A,
of £, the random variables N(A;), N(A3),...,N(A,) are independent and Poisson
distributed.
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For each crack location, we now obtain, through kriging, the stress value at that
location and denote this stress value by either C(l;;) = Cj;, if it is a compression
stress, or T'(l;;) = T;; if it is a tension stress. Note, as in the case where we obtained
through kriging the stress values at the centroids of the polygons, only one of either
compression or tension can be present at a single location, not both. For each crack
location /;; we can consider the attribute vector a;;, where a;; is defined to be either
of the form (Cj;, 0) or (0, T;;), depending on whether there is a compression or tension
value at the crack location /;;. In a similar way as we did with the set of crack locations
we can consider the set of attribute vectors {a;;} as lying in some space A C R?. We
would like to combine both the crack locations and the attribute vectors in a model.

To do so we define a particular type of point process, namely a marked point process.

Definition 5.3 A marked point process is a point process in which a real-valued

random variable, or vector of random variables, called a mark, is attached to each

point (Cox and Isham (1980)).

Trivially a marked Poisson process is a marked point process where the underlying
process is Poisson. See also Kingman (1993) for more details, in particular on marked
Poisson processes.

Thus we have associated a vector of random variables (attribute vector), taking
values in some space A C R?, with each point of the random set {l;;}, i.e. with each

point of the Poisson process L, hence we have defined a marked Poisson process.

5.1.2 Poisson Process on the Product Space

Consider the product space X = L x A, the pair z = (l,a), t € X, l € L, a € A
can be regarded as a random point in this product space X and the set of points
{z =(l,a) : | € L} forms a random countable subset of £ x A. A fundamental result
is that this set of coordinates {x} of marked points in the product space is a Poisson

process. See Kingman (1993), pg. 55 for a detailed proof. Thus we have a spatial
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Poisson process
N(dx) ~ Poisson(A(dz)), (5.1

defined on the product space X. A(dz) is an uncertain and inhomogeneous intensity

measure, making N(dz) a doubly-stochastic Poisson process or Cox process,

Definition 5.4 A doubly-stochastic spatial Poisson process or spatial Cox process
is a stochastic process in which the intensity is replaced by a random process A(x)
defined in R™, where, conditional on A(x) the stochastic process is an inhomogeneous

spatial Poisson process, (Cox and Isham (1980), Kingman (1993)).

A(dzx) can also be referred to as a random field (Cox and Isham 1980, pg. 147).

5.1.3 Intensity Measure

The intensity measure A(dz) can be modelled as a product of the intensity at a point x
and a reference measure w(dz) on X. In this case w(dz) is an area-weighted reference
measure. This is similar to the discrete case where the intensity was a product of a

unit-area intensity and the area of the polygon. Thus we have
A(dz) = A(z)w(dz),
and the total number of cracks in X' is given by

N(X) ~ Poisson ( /X A(z)w(dz) = A(X)> .

5.1.4 Regression Model with Identity-Link

In a similar way as in the discrete case we model the intensity at a point using a
regression model with identity link that incorporates both the observed (compression
and tension) and unobserved factors (latent factors representing the unknown spatial
distribution of pores or other influential factors) that are believed to have an influence

on crack initiation. The intensity at a point x is given by

Az)=C)B1+T(1)B2 + X383, Vz e X,
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where the coefficients [, and [, are indicators of the influence of compression and
tension, respectively, on causing cracks to initiate. The third term X303 in the identity
link regression model represents the influence of the unobserved (latent) factors, which

we will define subsequently.

5.1.5 Latent Spatial Covariate

As in the discrete case where we considered a set of latent spatial variables, one for
each region (polygon), we also include a latent spatial covariate here. If unobserved
covariates vary continuously over the space, it is important to include them in the
analysis and, as we have reason to believe that the distribution of pores varies con-
tinuously, we incorporate a latent spatial covariate to account for this. We are no
longer considering discrete regions but want to model the intensity over continuous
space. Suppose to start with we introduce a set of M random locations {s,, }mer in
S C R? where S is some region such that £ C S and with each of these we associate
a set of random latent magnitudes {v,, }menr, not necessarily all equal. Each of the
sm's can be considered as analogous to the polygon centroids and each of the v,,’s as
analogous to the random variables v;;, associated with each polygon in the discrete
model.

In a similar way as in the discrete case we choose to model the influence, that
the latent magnitudes {v,,}men have on causing cracks to form, with a Gaussian
kemel k(I, s,,) depending on Euclidean distance, for any location [ € £. Thus we
are modelling the unobserved factors that influence the formation of cracks as point
sources of not necessarily equal magnitudes, and whose influence decreases with in-
creasing distance from the point source, and the rate at which the influence decreases
is determined by the Gaussian kernel.

We consider the following

) k(l, 8m) Y- (5.2)

The magnitudes {7,,} together with the locations {s,,} are an approximation to
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any unobserved spatially varying latent covariate. Suppose now we increase the set,

{Sm, Ym}, in the limit this leads to a random field, which we denote by I'(ds),

T(ds) = ) Ym0s,.(ds).

5.1.6 Gamma Random Field

We now introduce a particular type of random field, namely the Gamma random field.

Definition 5.5 A random field I'(ds) ~ Gamma(a(ds), b(s)) is said to be a Gamma

random field with shape measure a(ds) and scale function b(s) over some set S if

e ACS, T'(A) ~ Gamma ([, a(s)ds,b(s));

o If two sets A, B C S are disjoint, then I'(A) and I'(B) are independent, (inde-

pendent increments).

Note that the distribution is exact if b(s) is constant on A, otherwise it is an approx-
imation. Gamma random fields offer a means by which we can model uncertainty
about both the location and the size of factors (for example, the pores in the cement)
that we believe have an influence on the formation of cracks. Wolpert and Ickstadt
(1998a) introduced the idea of using Gamma random fields in their class of Bayesian
hierarchical models used to analyse spatially dependent count data. As an illustra-
tive example, they modelled the density and spatial correlation of hickory trees. The
incorporation of a Gamma random field and Gaussian kernel in order to model latent
spatial covariates was also used in the analysis of the effect of traffic pollution on
respiratory disorders in children (Best et al. (2000a)). It has also been used in the
analysis of origin/destination trip data (Ickstadt and Wolpert (1999)).

The influence of all latent spatial point sources on a point [ € L, Equation 5.2,

now has the following integral form

/Sk(l, s)T(ds).
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The intensity for the marked Poisson process then becomes
Alz) =C()B +T(1)B2 + / k(l,s)T'(ds). (5.3)
S
For notational simplicity let X;(z)8; = C(l)51, Xa(x)B2 = T(1) B2, and X3(z)B5 =

Jsk(l,5)T(ds). The intensity can now be written as

5.1.7 Simulation of a Gamma Random Field

Since the Gamma random field is not observed it is necessary to have some way of
simulating the field. The Gamma random field can be simulated using the Inverse
Lévy Measure (ILM) algorithm, see Wolpert and Ickstadt (1998a) and Wolpert and
Ickstadt (1998b) for full details. The ILM algorithm is based on an idea regard-
ing characteristic functions of infinitely-divisible distributions and particular positive
measures which are termed “Lévy measures”. The algorithm is used to draw random
samples from Gamma and other non-negative independent-increment random fields.
According to Wolpert and Ickstadt (1998a) the work of Lévy (1937) and others sug-
gests that a Gamma process can be constructed from a Poisson process. The following
theorem summarizes how this can be done, see Wolpert and Ickstadt (1998a) for a

detailed proof.

Theorem 5.1 Let as) > 0 and b(s) > 0 be measurable functions on a space S. Let
{om} be independent identically distributed draws from any probability distribution
[I(ds) on S, and let 7,, > 0 be the successive jump times of a standard Poisson

process. Set T(u,s) = E1(u/b(s))a(s) and v, = influ > 0: 7(u,0mn) < 7w, that is,
Ym = El_l(Tm/a(am))b(Um)’

or Ym = 0 if a(om) = 0. Then the random field T'(¢) = >, . Y7m®(0om) for bounded
measurable ¢(s) has the Gamma process distribution T'(ds) ~ Gamma(a(ds), b(s)) for

the measure a(ds) = a(s)I1(ds).
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Note: E(t) = [~ e “u'du denotes the exponential integral function, see Abramowitz
and Stegun (1964), pg. 228. See Wolpert and Ickstadt (1998b) for details on how to
approximate this function and its inverse.

Suppose we want to sample from the Gamma random field I'(ds) ~ («(ds), b(s)),
over the set S. A single realization of this Gamma random field will be discrete, and
will consist of countably many point masses of random magnitudes 7, at locations
sm € S. The theory allows for the sample locations to be drawn from any distribution
I1, provided that whenever a set A exists such that «(A) > 0 then II(A) > 0. For
example it is possible to exploit information about where points associated with the
latent variables would be expected to lie and to sample heavily from those areas. If
such information is not available then the Uniform distribution on S is a good choice

from which to sample.

5.1.8 Inverse Lévy Measure Algorithm

The following is the ILM algorithm to sample from a Gamma random field

['(ds) ~ Gamma(a(ds), b(s)):
1. Set M to be large.
2. Choose a distribution II(ds) on S from which it is easy to sample.
3. Generate M independent identically distributed draws {o,,} from II(ds).

4. Generate the first M jump times {7,,} of a standard Poisson process; to do

this simulate M independent exponential random variables {e,,} and set 7, =
m

Set Y = By {1m/a(om)}b(0m), form=1,..., M.

ot

6. ['(ds) ~ T'm(ds) =Y, Ymdo., (ds).
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Figure 5.1 shows a single realisation of a Gamma random field. The code for this plot
was written in R and it is an adaptation of S-Plus code that is available in Wolpert

and Ickstadt (1998b).

Figure 5.1: A single realisation of a simulated Gamma random field with a(ds) = 10
and b(s) = 2. The Gamma random field was simulated with II(ds) Uniform on

(0,1) x (0,1) and M = 1000.

5.2 Likelihood

The Poisson regression model with identity-link (see Equations 5.1 and 5.3) is the
model we have chosen: N(X) ~ Poisson(A(X) = A). The joint likelihood for all

crack locations for all five of the specimens may be written as follows

X —Az] Agij
P({Ni;}|B1, B2, {Tij(ds)}, p) = He ud Nij!) )

ij
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where the indexing sets are specimen: ¢ = 1,2,...,5 and window: j = 1,2 and
N;j = N;(&;). Note that the index j previously referred to cracks. We model the
lateral and medial windows separately since there is no physical link in the laboratory
model between the two windows, see Section 4.2.3 and Figure 2.3(a). Thus Nj; is the

total number of cracks in window j of specimen i. The intensity is given by

M) = Ay = Br /X Xi(e)u(dz) + /X Xo(a)w(dr) + /X | /S Kz, )Ty (ds)(dz),

where X is the lateral (j = 1) or the medial (j = 2) window and S; is a rectangular

region containing the lateral window (j = 1) or the medial window (j = 2).

5.3 Prior Distributions

As in the discrete model we performed inference on the unknown parameters 3y, 3,
{i;} and p. Similarly we wish to carry out inference on f;, 5> and p and also on the
Gamma random field I';;(ds). For 3, 3, and p we use similar priors as in the discrete

case,

w(f1) ~ Gamma(ay,b),
(B2) ~ Gamma(asg,bs),

m(p) ~ Lognormal(y,o),

as we are still making use of the same prior information that is available for analysing
this data.

For the prior for the Gamma random field I';;(ds) we choose a Uniform shape
measure «(ds) on a rectangular region surrounding each of the lateral and medial

windows separately and we choose a constant scale parameter b.
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5.4 The Posterior Distribution

The joint posterior distribution for all the data can be written as follows:

xD (=AY (A ) Nid
(51 (D@} D) o T]{SBERER 2 n(r0s) | e(B0m(Bainto

5.4.1 Inference for (i, (32, and p

We want to perform inference on the parameters 3, B2, p, and {I';;(ds)}. In order
to do this we employ MCMC techniques. The first of which is data augmentation,
see Section 3.4. In the discrete model, given a count of crack start locations in a
particular polygon during each iteration of the algorithm, we divided the count into
cracks which we attributed to compression, cracks which we attributed to tension, and
cracks we attributed to the unobserved latent factors. We do something similar here.
For each crack (k) in window (j) of specimen (i) we have a point z;jx = (lijk, aiji) in
the product space X;. During each iteration of the algorithm, we assign to each of
these points an indicator I;;, € {1, 2,3}, where P(I;jx = n) < Xp(Zijk)Bn, n=1,2,3.

And we introduce the random variables N;,(X;) = N;;n defined as
Nijn = #{k : [ijk = n}a

and hence
N;j = Z Nijn
n=1
See Appendix A.2.1 for full details on how this is carried out. The inclusion of this
data augmentation step facilitates the use of the Gibbs sampler in order to draw
samples from the full conditional distributions for 3; and [,. For the parameter p we
use a random-walk Metropolis step, calculating the full conditional distribution for p

for use in the acceptance probability, see Appendix A.2.1 for details.
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5.4.2 Full Conditional Distributions for 5, and j;

For full details on how these full conditional distributions may be obtained see Ap-

pendix A.2.1. The conditional distributions for 8; and S, are as follows:

P(51|B2, p, {T's;}) ~ Gamma (Z Nij1 + 04,5 Z/ Xi(z)w(dz) + b ) ,(5.4)

and

]

P(B:|B1, p,{Tij}) ~ Gamma (ZN”2+C¥2,5Z (d:v)+b2>.( 5)

5.4.3 Conditional Distribution for I'(ds)

We consider I'(ds) the Gamma random field over the space S. The following method
and results apply also to I';;(ds), the Gamma random field over the space S; for all i
and j. Full details on how the full conditional distribution for I'(ds) is obtained using
data augmentation may be found in Wolpert and Ickstadt (1998a).

Consider N3(dx), it is a finite integer-valued measure on X and as such can be repre-
sented as the sum of a random number of unit point masses at points x,,, which need
not necessarily be distinct. Again we use the technique of data augmentation in order
to obtain the full conditional distribution of I'(ds) in known form. For each of these
x,’s select an additional random variable s,, € S, i.e., a point in the auxiliary space

S, where

k(zn, 5n)L (dsn)
>0 k(@n, 50)T (dsn)

Now we have pairs of points (z,, s,), zn € X,s, € S. We introduce a new random

P(sn) =

measure Z on X x S such that

Z(dz, ds) Zazns,l (dz, ds).

Note that Z(X xS) = N3. Let Z;(dz) = Z(dxxS) = N3(dx), i.e. Z;(dx) recovers the
unaugmented data and let Zy(ds) = Z(X x ds), i.e. Zy(ds) recovers the augmented

data. The following result now holds:
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Lemma 5.1
P (T (ds)| Ny, Na, Z5(S), 51, B2) ~ Gamma (a(ds) + Zy(ds), b(s) + /X ki, s)w(da:)) ,

See Appendix A.2.2 for a proof of Lemma 5.1.

5.5 MCMC Algorithm

We present in the following a brief outline of the MCMC algorithm used to sample
from the posterior distribution of the continuous initiation model in order to obtain
samples for the parameters: (i, (2, p and I';;(ds). A more detailed algorithm is con-

tained in Appendix B.2.

Algorithm
1. Initialise S, B2, p, X303, and set the iteration counter r = 0.
2. For each crack set \g,)c = Cij/g,8§r_1) + i]-kSET_l) + ‘X’ér_l),[)’ér_l).

3. Simulate Bernoulli variables to indicate whether each crack is attributable to
compression, tension or latent factors. Set N;;; = number of cracks due to
compression, N;jo = number of cracks due to tension and N;j3 = number of

cracks due to latent factors.

4. For each crack attributable to latent factors simulate a corresponding location

Oijx 1. 43 s

ot

For each o;;, carry out a random-walk Metropolis step proposing a new location
O;jtest- Set sy = Oiitest if the new step is accepted, otherwise s;;x = 0ijs, k =

1, e @ szg
6. Simulate the Gamma random field.

7. Simulate the parameters 4", ﬁér).
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8. Carry out a random-walk Metropolis step for p, proposing piegt, if accepted

P = piest, otherwise p(M = p(r—1),

9. r =r + 1. Repeat steps 2 through 9.

5.6 Results

We now present the results obtained from carrying out inference on the unknown
parameters of the model using the MCMC algorithm detailed above. Table 5.1 shows
quantiles, kernel density estimates and priors for /3;, B2, and p. The estimates for
these parameters are based on sample values obtained from the posterior distribution
by running the MCMC algorithm. We computed 6,000 iterations of the program;
the first 1000 of these iterations were attributed to burn-in. For each parameter we
examined a trace plot of its chain and from this inspection there was no evidence for
lack of convergence. We also ran multiple independent chains from various starting
points and again, after an initial burn-in, there was no reason to believe the chains
had not converged. Trace plots of some parameters may be found in Appendix B.4,

Figure B.3.

5.6.1 Gamma Random Fields and Posterior Mean Intensity

For each specimen we present, in image form, the posterior mean of its Gamma
random field. This field models spatially the latent factors that have been influential
in causing cracks to form in that specimen. See Figures 5.2 and 5.3.

For each of the specimens we also examine the range of the Gamma random field,
boxplots of these results may be found in Figure 5.6. From this figure it would appear
that the range of the contribution (on the logarithm scale) to the intensity, is of the
same magnitude for each of the specimens, i.e., there is no specimen variability as
regards the range of the Gamma random field. This suggests that the influence that

the latent factors have on causing cracks to form is the same across specimens.
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Figures 5.4 and 5.5 show the posterior mean intensity E(A;) as an image plot with

stars indicating the crack locations.

5.6.2 Model Validation

As in the discrete initiation model, it is not possible to carry out cross-validation by
omitting a specimen and carrying out the analysis as the Gamma random field is
specific to the specimen as it is modelling spatially varying factors that are specimen
specific. Instead, to examine the fit of the model we examine residuals as follows.
For each of the regions in Figure 5.7(a), which correspond to the polygons in the
discrete initiation model, P;;, we calculate the standardised residuals r;; for region j

of specimen 7 using the foellowing approximation

zj_A ) )

e i R

where

A(R]) = /; A(CE)(U(d.’L‘),

1

and 7' is the total number of iterations. We plot these standardised residuals against

the predicted counts

T

- 1

Nij =7 > AP
t=1

in Figure 5.7(b). This plot suggests that, in general, there is no unmodelled trend
in the residuals, which we would hope for if the model is a reasonable fit. Although,
there are a small number of large residuals. When we further examine the residuals
by plotting them against both specimen and window, in Figures 5.7(c) and 5.7(d)
respectively, it appears that the large residuals are associated with Specimens 1, 2,
and 4, mostly. There appears to be no distinction between windows as to how well
the model fits.

We also examine the predictive count for each of the specimens. A plot of this

analysis may be seen in Figure 5.8. In general the model appears to predict the count
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of cracks in each of the specimens well, as all of the true counts lie within the 90%

quantiles, and are all close to the median predicted values.

5.7 Comparing Continuous and Discrete Models

We now compare the discrete and continuous models for initiation that we have pre-
sented. We examine how comparable the priors are for the latent factors in both of the
models. We highlight the important issue of information being lost through aggrega-
tion of the data in the discrete model. We also address the issue of the computational
time taken by each of the two algorithms, the discrete and continuous, used to carry

out inference for the models.

5.7.1 Priors for Latent Factors

For the discrete crack initiation model we have chosen a Gamma(1,0.1) prior for the
latent factors {;;}. In the continuous model we have chosen a prior with a uniform
shape parameter and a constant scale parameter b. We can compare these two prior
distributions in the following manner. For the discrete model the intensity per unit
area due to the latent factors is approximately equal to v;;/(27p?), as the latent
contribution from outside a polygon is small. The prior mean intensity for each of the
vi;’s is equal to 10, giving a prior unit area mean intensity due to the latent factors
of approximately 0.33.

For the continuous initiation model the prior unit area intensity is given by

/ 1 T(GK) «a(s)

k(m,s)Fi]—(ds)z(%rpQ) ke

i
where GK is a Gaussian kernel, whose area is obviously 27p?. This prior unit area
intensity is equal to 0.6 as we have chosen a(s) = 0.6 and b = 1. Thus, as regards

prior mean intensity, the priors are comparable.
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5.7.2 Loss of Information due to Aggregation

The discrete model cannot be expected to perform as well as the continuous model in
modelling crack initiation, as information, specifically spatial information, will have
been lost due to the aggregation of the data for this model. Although the identity-link
in the discrete model facilitates the aggregation and refinement of the initial partition,
in order to examine results for this model a partition must be chosen. The choice of
partition will determine how much information will have been lost in the analysis. In
contrast, no information is lost in the continuous model as no aggregation is carried
out.

In determining the parameter p, the range over which the latent factors have an
influence, the continuous model will perform better than the discrete model with a
more accurate estimate, as the choice of partition in the discrete model will have an

influence on the estimation of this parameter.

5.7.3 Computational Time

The continuous model does require more time for preparation and initial setup and
running of the algorithm in comparison to the discrete model. But if the chosen
partition for the discrete model has to be reviewed and either refined or aggregated,
then the speed of the discrete model is lessened. In comparison, the continuous model

does not require this.

5.8 Conclusions

In this chapter we have presented a continuous spatial model for crack initiation that
models the data (crack locations) at the finest level of aggregation, i.e., as a continuous
spatial process. This model incorporates the spatially varying stress together with
latent influential factors, which we have modelled as a continuous surface using a

Gamma random field.
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Again, as in the case of the discrete model one of the important aspects of the
model is the detection of the range over which the latent factors exert an influence,
i.e., the estimation of the parameter p. This model suggests that the latent factors

have an influence on crack formation up to a distance of just under 4mm.

Quantiles Histogram

Parameter 5% | 50% | 95 % | of Samples

B 0.003 | 0.015 | 0.034 A‘
Ba 0.024 | 0.031 | 0.04 ﬂ/(\“.

p 1.5 | 1.78 | 2.06 ﬁ¥

Table 5.1: Quantiles, and histograms of sample values for i, 35, and p.
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Specimen 1 Specimen 2

00205 < 1.0051755520

Specimen 3 Specimen 4

Figure 5.2: Image plots for Specimens 1 - 4 indicating the posterior mean of the
Gamma random field over the two windows. The posterior mean is calculated on
a 100 x 100 grid and the Gamma random field in each grid segment G is obtained
by calculating [, T'(ds) = >, {7m : om € G} at each iteration of the program and

averaging over the iterations.
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Specimen 5

Figure 5.3: Image plot for Specimen 5 indicating the posterior mean of the Gamma
random field over the two windows. The posterior mean is calculated on a 100 x 100
grid and the Gamma random field in each grid segment G is obtained by calculating
JoT(ds) = 3, {¥m : om € G} at each iteration of the program and averaging over

the iterations.
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Figure 5.4: Posterior mean crack density for Specimens 1 to 4 together with actual

crack locations (stars).



CHAPTER 5. CONTINUOUS INITIATION MODEL 93

-10

-20

-30

00 04 08 1.2

140 120 -100 -80 60 -40 20 0
(a) Specimen 5

Figure 5.5: Posterior mean crack density for Specimen 5 together with actual crack

locations (stars).
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Figure 5.6: Boxplots of re-scaled [,I'(ds) where G is a square of area (145%40)/(100
*100) = 0.58 on the grid used for each of the specimens in Figures 5.2 and 5.3 for

each of the specimens. (The re-scaling is log ( [, I'(ds)e™?)).
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Standardised Residuals

CONTINUOQOUS INITIATION MODEL
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Figure 5.7: (a) The regions for which the residuals were calculated. The standardised

residuals against the posterior mean crack count (b), against specimen (c), and against

window (d).
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Figure 5.8: For each specimen we show the actual total crack count (red star), and
the median posterior predicted count (black circle), together with 90% quantiles for

the predicted counts.




Chapter 6

Growth Model

Damage accumulation consists of both crack initiation and crack growth. In order to
model damage accumulation it is necessary to model the growth of the cracks in the
polymer cement. A model for growth must take into account the differences between
pre-cracks and load-cracks. We present a spatial model for growth that incorporates
the physical properties of the cement and captures the way in which fatigue cracks,

both pre-cracks and load-cracks, grow.

6.1 Preliminary Investigations

6.1.1 Crack Types

As regards examination of growth of the cracks in the bone cement, we retain the
distinction between those cracks that have formed before any stress loading has been
applied, i.e., the pre-cracks, and those cracks that initiate sometime during the stress
loading, which are referred to as load-cracks. When the stress loading is applied the
pre-cracks are still present but are now subject to the stresses that have been applied.
It is necessary to take into account the extra growing time that the pre-cracks have had
in 2 model for the growth of the cracks. Figure 6.1 shows pre-cracks and load-cracks

for one particular specimen.

96
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Figure 6.1: Crack lines in the two windows of one particular specimen. Red lines

indicate pre-cracks and black lines indicate load-cracks.

6.1.2 Crack Lengths

As a preliminary exploration of the data we examine the growth experienced by each
type of crack. In Figure 6.2 we have plotted the logarithm of the lengths of the
pre-cracks (yellow) before stress loading, the logarithm of the growth of the pre-
cracks (red) after the stress loading, and the logarithm of the lengths of the load-
cracks (green), for all specimens. In order to make any comparisons or to draw any
conclusions about the lengths of the cracks we must first examine the components
that make up the lengths of each of these crack types.

The pre-cracks consist of an initiation length together with some length due to
growth before stress loading. The growth in pre-cracks is due to residual stresses ex-
perienced in the cement during the curing (drying) process (Lennon and Prendergast
(2002)). The lengths of the load-cracks are composed of an initiation length, similar

to the pre-cracks and a growth component; the growth having occurred during the
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Figure 6.2: Logarithm of lengths (mm) of the various crack types.

stress loading. The amount of growth experienced by the pre-cracks during stress
loading should be similar to that experienced by the load-cracks, since both types of
cracks are experiencing the same stresses and they are both subject to the influence of
any other factors that affect crack growth. The reason why the growth in pre-cracks
during stress loading appears to be significantly smaller than the growth of the load-
cracks is due to the initiation length of the load-cracks. We must also note that the
pre-cracks have had the full loading time in which to grow, this is not the case for
the load-cracks; they may have initiated at any time during the stress loading, with
the possibility that any of these cracks could have initiated towards the end of the
loading period. This would indicate that the initiation length of a crack accounts for

a substantial part of the total length.
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6.2 How Cracks Grow

We have two measurements of the lengths of pre-cracks. They initiate at some point
before the stress loading is applied, their lengths are then measured immediately prior
to stressing and again at the end of the experiment. For the load-cracks we only have
one measurement of their lengths, i.e., that taken at the end of the experiment. This
makes the examination of how the cracks grow, difficult, as we do not have many
time points at which to examine their lengths. But it is known that fatigue cracks
initiate with some length that is sufficient in order for the cracks to propagate, that
they then grow intermittently with the growth consisting of both active and dormant
periods (Sobczyk and Spencer 1992, Ch. 5). The active and dormant periods can
be explained by the fact that the damaging stresses experienced by the cement and
which cause the cracks to grow, are generated by factors such as peaks in the stress
loading process.

Wilson (2005), having crack length data measured at five time points, observed
that cracks initiate with some length, then some of the cracks grow slowly, while
others grow very quickly. This observation can be explained by the theory of active
and dormant periods in growth, in which jumps in growth (active periods) occur
between periods of much slower growth (dormant periods). Wilson (2005) attributes
the jumps in growth to local material properties such as dislocations in the cement,
and the slower growth is attributed to global properties of the specimen such as, for

example, the stress range.

6.3 Stochastic Process Model for Growth

We propose a stochastic process model for the growth of all cracks in the hip re-
placement specimens during stressing. Sobczyk and Spencer (1992) suggest treating
the crack growth process as a discontinuous random process consisting of a random
number of jumps, with each of the jumps being of random magnitude. We construct

a model similar to this. In order to account for the spatial variability in stress, which
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obviously would have an influence on crack growth, we propose that our crack growth

model should take into account the varying stress.

6.3.1 Spatial Aspect to Growth

Consider again the division of the medial and lateral windows into 22 polygons each,
as in our discrete model for crack initiation in Chapter 4. Let /;;x(t) be the logarithm
of the length (in pm) of crack k (can be either a pre-crack or a load-crack) in region
j of specimen i at time ¢, 0 < t < tgy 5], Where tg, . is the time at which the final

measurements were recorded.

6.3.2 Stress

As would be expected, stress has an impact on the growth of the cracks. We propose
to model the influence of stress spatially and we use the same kriged values as used
in the discrete crack initiation model, Chapter 4., i.e., the stress at the centroid of
each of the polygons, as we believe that the growth of a crack in a given polygon is

influenced by the stress in that polygon.

6.3.3 Jumps in Growth Rate

As mentioned already, it is known that the growth in cracks consists of slow periods
of growth in between jumps in the growth rate, and we would like our model to
incorporate these jumps in growth. Wilson (2005) allowed for just one jump in each
0.5 million cycles interval, as 0.5 million cycles was the shortest interval between the
successive measurement of the cracks in the data that were analysed. Since we do
not have multiple time points at which the cracks were measured we would like to
allow for a random number of random sized jumps to occur, but there is a question of
identifiability between the number and size of the jumps, i.e., it may not be possible
to identify both the number and size of jumps since a small number of large sized

jumps would have the same effect on growth as a large number of small jumps. For
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this reason we allow for either a single jump of random size or no jump at all. We
would hope that the jump would model pores or any other latent factors present in

the cement that would have an influence on the growth of the cracks.

6.3.4 The Model

From examination of the data and following McCormack et al. (1998) and Wilson
(2005) it appears that the lengths of cracks follow a Lognormal distribution and so
we propose the following model for the logarithm of the length of a crack k£ (again

either pre-crack or load-crack) in region j of specimen i at time t:
lLiji(t) ~ Normal(pyx(t), 0°),
where

pijk(t) = Lijk + (@Cj + BT;)(t — tijk) + BijkYiji,

and we now explain in detail the parameters of the model. I;j is the logarithm of
the initiation length of the crack. For pre-cracks this is known and it is the length of
the pre-crack just prior to the start of loading. For load-cracks it is unknown and we
simulate the [;;; for these cracks. For a load-crack [;;x ~ Normal(Mj, %) with some
unknown mean M; and unknown precision 7;.

As in the discrete model for initiation, see Chapter 4, C; and 7} are the compression
and tension respectively at the centroid of polygon j. Again as in the discrete initiation
model one of either C; or T); will be zero for a given polygon as compression and tension
cannot both be present at a single location. « and 3 are the coefficients of compression
and tension respectively, and we include them in order to model the influence that
stress has in causing cracks to grow. a and [ are not specimen specific, reflecting the
fact that we only have one set of stress measurements for all specimens and thus do
not expect the influence of stress to vary between specimens.

The initiation time of a crack is denoted by t;;;. We fix ¢, the time at the end of

the experiment to be 1, so that the duration of the experiment is from 0 to 1. For
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pre-cracks ¢;;, = 0 and since load-cracks initiate at some unknown time during the
experiment #;;;- is unknown.
We indicate whether a crack experiences a jump in growth by B, where Bjj; ~

Bernoulli(A). The size of the jump is denoted by Y;;x, where Y, ~ Normal(My,1/7y).

6.3.5 Prior Distributions

We would like to carry out Bayesian inference, and we use MCMC techniques in order
to sample from the posterior of the unknown parameters: 7 = 1/0?, a, 3, \, M, 71,
My and 1y. In order to do this we must specify prior distributions for each of these
parameters. For the precision parameter 7 we choose a vague prior, Gamma(1/2,1/2),
reflecting the lack of information available as regards the variance and also that the
parameter must be non-negative. For A the parameter of the Bernoulli distribution for
the jump indicator B;j; we choose a Beta(1,1) prior as we have no reason to believe
a jump is more likely than not. We also choose Uniform priors for both o and 3. We
propose a Uniform(0, 1) prior on h;jx- = 1 — ¢+, k* indicating a load-crack.

For the means M; and My of the Normal distributions for the initiation length I;
and jump size Yj;; respectively we choose Normal priors. This allows for the Gibbs
sampler (see Section 3.3.5) to be used due to the conjugacy of the distributions. For
the precision parameters 7; and 7y of the Normal distributions for the initiation length
I;jr and jump size Yjj respectively we choose Gamma priors, allowing for the use of
the Gibbs sampler due to the conjugacy of the distributions again. Here are the prior

distributions chosen:




CHAPTER 6. GROWTH MODEL

M; ~
Tr o~

My ~

Gamma(o, w),
Beta(ay, by),
Uniform(ag, b)),
Uniform(ag, bs),
Normal(my, s1),
Gamma(¢;, wr),
Normal(my, sy),
Gamma(¢y, wy),

Uniform(ap, by).

6.4 Posterior Distribution

The joint posterior distribution for all the data has the following form:

Plr, a, B, A, My, 71, My, 7wy {Liges } {1 Bise }s 1Yk} {hse il })
o< P({lijx}|T, @, B, {Lije= }, {Bij }> {Yijk }> {Pijie HP{ Lij~ }| My, 1)

x P({Biji }|\)P({Yijx } | My, 7v)7(6),

o H {\/;exp (—%(li]’k = ,Uijk)2) (1- /\)I_Bljk(/\)Bijk

ijk

Ty TY /nr
B Thd (“7(}'2‘]‘/9 - MY)2)}

< TT{ | 20 (- 2t - 117) |

s .
[ exp (—TY(M}» = my)Q) Tffy 1exp (—wyTy)

X T¢‘lexp(—w7){ﬂ(hijk. € [an, bn)) HI(a € [aa, b))}

x {I(B € [ag, b)) }A™ (1 — A)» 7,
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where 7(6) indicates the priors for all the unknown parameters and k* indicates load-

cracks. See Appendix A.3.1 for full details of the posterior distribution.

6.4.1 Full Conditional Distributions

We want to carry out inference for the parameters 7, o, 5, A\, My, 77, My, and 7y. In
order to do this we look at the full conditional distributions for each of the parameters.
Again, full details of these distributions may be found in Appendix A.3.2. The full

conditionals for each of the parameters are as follows. For the precision parameter:

P(7|...) ~ Gamma (g— + ¢, % Z(lijk — pije)? + w) , (6.1)

ijk
where K is the total number of cracks. The full conditional distributions for the

coefficients for stress:

Zijk(Laijij(t — tijk)) 1
Diin(CF(t —tije)?) 73 (CH(E - tijk)?)) ;)

where Laijx = lijx — Liju — BT;(t — tijx) — BijrYijr and similarly the full conditional

P(a|...) ~ Normal (

distribution for j3:

N Zijlc(Lﬁijij(t — tijk)) 1
d b ‘\0”“31( > (T2 — ) ’Tzijk<7;-2(t—tu-k>2>>’ s

where Lﬂijk = lijk - [ijk = &C]'(t _— tijk:) = Bijk)/ijk- The full conditional distribution for
the jump parameter A\, which is the probability that a crack has a jump in growth, is

given by:

P(A|...) ~ Beta (ZBijk+1,K+1—ZBijk>. (6.4)

ijk ijk
The full conditional distributions for the parameters of the Normal distribution for

the initiation lengths:

T Mosren Jipes + M9y 1
P(M;|...) ~ N 1 J
( It ) — ( T[K*+S[ ’TIK*+SI ’
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where K™ is the total number of load-cracks.

*

+ ¢r, % Z(]ijk‘ - M;)? + wl) : (6.6)

K
P(r7]...) ~ Gamma ( 5
ijk*

and the full conditionals for My and 7y are of similar form to those of M; and 77,

Ty )i Yijk + My Sy 1
P(My|...) ~ N 1 ] 6.7
( Y| ) e < ’T’yK+Sy : TyK+Sy Y ( )
and
K 1
P(Ty| o ) ~ Gamma (5 + ¢y, 5 E (Y;jlc == ]\41/)2 + wy> s (68)
ijk

Since each of the full conditional distributions is of known form we can use Gibbs
sampling in order to obtain samples of each of the parameters from the posterior

distribution.

6.4.2 Simulation of [;j+, Bijk, Yijx, and hjj

Even though we are not interested in obtaining estimates of each of the I;jx-, Bij, hijk-,
and Yj;x it is still necessary that we simulate them in our MCMC algorithm and in
order to do this we again look at the full conditional distributions for each of these
variables. Full details of these distributions are supplied in Appendix A.3.2. For the

initiation length I;;;- of a load-crack

(6.9)

Xi’ * M 1
P(Iz]k*| .o ) ~ Normal <T Jk + 77 I’ )
T+ 71 T+ 17

where Xjx- = lijk- — (aC;+BT;)(t—tijk- )+ Bijk- Yije-. The full conditional distribution
for the jump indicator B;j; is as follows:

exp {—Z(Xijr — Yiji)? A
anpl—5(Xyn— Yo 2P L exp { — S X 20 (1 — A)

where Xk = lijx — Lijk — (aC; + BT;)(t — tijx). The jump sizes are simulated from

Bernoulli < ) , (6.10)

the following distributions: if B, = 0, then

P(Y;]kl) NNOI‘mal(My,Ty), (611)
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and if Bijk = 1, then

(6.12)

X M 1
]P’(Yijkf...)wNormal<T s T )

T Ty ’ T+ Ty
where Xijlc = lijk:_Iijk_(&Cj+BTj)(t_tijk)a as before. Flnally for each hijk" = 1_tijk*,
where t;;- is the initiation time of a load-crack, the full conditional distribution is:

Xijk 1
(aCj + BT;)’ m(aC; + BT;)?

P(hijk‘ | Sic ) ~ Normal ( > ]I(hijk‘ S [0, 1]), (613)

where X;je- = lijk~ — Lijk~ — Biji Yijke-

6.5 MCMC Algorithm

We now present a brief outline of the MCMC algorithm used to obtain samples from
the posterior distribution for each of the parameters of the growth model. A more

detailed algorithm is contained in Appendix B.3.

Algorithm

1. Initialise 7, o, 8, A, M1, 1, My, v and {Lijk-}, {Bijk }, {Yijk }, {hije-}, and set the
iteration counter r = 0.
2. Using Gibbs sampling, simulate each of the parameters 7(", a(" 3 X\ M}T),

TI(T), M)(,T ), T,(f) from the appropriate distributions.

For each load-crack simulate its initiation length 1) and its initiation time

ijk*
(r)
hijk"

w

() for each crack.

4. Simulate the jump indicator B;j;

Depending on whether there is a jump in growth or not simulate the jump length

ot

ngrk) appropriately.

6. =1+ 1. Repeat Step 2 through 6.
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6.6 Results

6.6.1 Convergence Assessment

The estimates of our parameters of interest are based on sample values obtained
from the posterior distribution by running the MCMC algorithm detailed above. We
computed 22,000 iterations. In order to examine whether the chains showed evidence
of convergence we examined trace plots for each of the parameters. Visual inspection
of the traces presented no evidence for lack of convergence. We also ran multiple
independent chains of the same length for each of the parameters, with each chain
having a different starting point. Using R code, available on the web (Gelman and
Rubin (1992)), that implements the method of convergence assessment of Gelman and
Rubin (1992), see Section 3.3.6, it was not determined that the chains would benefit
from further iterations. Thus we use the sample values obtained from these iterations
to obtain estimates for our parameters of interest. Figure 6.3 shows the first 1500
iterations of multiple chains for two parameters, together with a magnified image of
500 of the iterations that appear to show convergence. Further trace plots may be

found in Appendix B.4, Figure B.4.

6.6.2 Parameter Estimates

We present in Table 6.1 estimates of the parameters of interest. The results are
based on 20,000 iterations after a burn-in of 2000 iterations. No thinning has been

performed.

6.6.3 Heterogeneity of Specimens

We have also obtained estimates for the parameters based on subsets of the data, i.e.,
we have run the MCMC algorithm but left the data for one specimen out each time.
Figures 6.4 and 6.5 show 95% credibility intervals for each of the parameter estimates.

The results presented in this table would appear to suggest that heterogeneity does
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Quantiles KDE’s and

Parameter 5% | 50% | 95 % Priors

T 21.0 | 23.8 | 268 | - J/\
a 0.04 | 0.08 | 0.13 | - A
B 0.05 | 0.06 | 0.06 1J\ :

A 0.02 | 0.03 | 0.04 ~A~

M; 412 | 416 | 420 | e

I 1.31 | 1.41 | 1.51 -
{
| /\
My -0.01 | 0.64 | 1.22 | == \
i
A
Y 0.05 | 0.07 | 0.09 | “———

Table 6.1: Quantiles and plots of kernel density estimates and priors (red) for each of

the parameters of the growth model based on data from all five specimens.

exist between the specimens. Specimen 4 is seen to have a large impact on the
estimates of My and \/;TT as is demonstrated by the sensitivity analysis in Figures 6.5
(c) and (d). The heterogeneity between specimens should be taken into account when

considering the estimates of the parameters.

6.6.4 Spatial Pattern of Jump Sizes

On examination of the average jump size, conditional on there being a jump, we see

that a spatial pattern does exist for the impact of jumps. See Figures 6.6 and 6.7.
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This could be accommodated in the model by having a spatially varying parameter

for the mean of the jumps.

6.6.5 Growth Model Validation

In order to carry out model validation for the growth model we do a prediction
analysis. For a given specimen we randomly select half of the pre-crack and half of
the load-crack lengths. We then carry out our analysis using this randomly selected
data. Using the MCMC algorithm for the growth model, we obtain posterior estimates
for pu;;i for each of the cracks £ in region j of the chosen specimen 7. Where the index k&
now runs over the randomly selected half of the data. We then calculate the posterior
mean of the {u;;x}, 7, and we plot the Normal density, Normal(zz, 1/7) where 1/7 is
the posterior estimate of the variance obtained from the randomly selected half of the
data.

We then take the remaining half of the data that were not used in the analysis and
we examine a histogram of the logarithm of the lengths of these cracks, comparing
the histogram with the Normal density we have obtained from our analysis.

If the model fits the data reasonably well we would expect that the logarithms
of the lengths of the cracks not used in the analysis to be of the same size as the
posterior density estimate we have obtained.

In Figure 6.8 we show plots containing histograms of the remaining data together
with the posterior density we have estimated. We have carried out this analysis for
Specimen 3 and Specimen 4. For Specimen 3 the analysis was carried out using the
lengths of 143 cracks (85 pre-cracks, 58 load-cracks) and the results are compared
with the remaining 142 cracks in Figure 6.8(a). The majority of the logarithms of the
lengths of the remaining cracks do appear to lie within two standard deviations of the
posterior mean, although there are a number of small cracks that the model does not
appear to capture so well.

A similar analysis was carried out for Specimen 4. In this case the analysis was

done on the logarithms of 418 cracks (161 pre-cracks, 257 load-cracks) and the results
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are compared in Figure 6.8(b) with a histogram of the logarithms of the lengths. It
would appear from this figure that they are reasonably well modelled by the Normal
density whose parameters are obtained from the analysis. The model may, in the case
of Specimen 4 appear to be fitting better as more data have been used in the analysis

than in that carried out for Specimen 3.

6.7 Conclusions

The model that we have presented for growth does capture some of the main features
of how fatigue cracks grow. For example, the length with which cracks initiate seems
to be substantial, this is also noted in the literature as cracks must initiate with a
length that is sufficient in order to propagate (Sobczyk and Spencer (1992)). The
model does appear to estimate reasonable initiation lengths for the load-cracks, in
comparison with data analysed in Wilson (2005) the initiation lengths are of the
same size.

The spatial aspect to growth does appear to be important, for the jumps there
seems to be spatial variability, although our model does not capture the spatial vari-
ability in jump sizes explicitly it does allow for the examination of a spatial pattern

in jump size.
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Figure 6.3: (a) shows a trace plot of sample values for A; the black trace having started
at 0.9, the red trace at 0.1 and the green trace at 0.5. (b) shows a sample of 500 points
from each of the three traces for A when the chains appear to have converged. (c)
shows a trace plot of sample values for M;; the black trace having started at 1, the
red trace at 5 and the green trace at 10. (d) shows a sample of 500 points from each

of the three traces for M; when the chains appear to have converged.
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Figure 6.4: Each plot contains 95% credibility intervals for a particular parameter:
%, a, 8 and \. Each plot contains five 95% credibility intervals and each interval has
circles at the 0.025, 0.5 and 0.975 quantiles, left to right. An interval at y =z, z =
1,...,5 represents estimates for the parameter based on data not containing that
specimen, for example, an interval at y = 3 indicates that the estimates are based on
data from all specimens except Specimen 3. Intervals at y = 0 are based on the data

from all five specimens
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Figure 6.5: Each plot contains 95% credibility intervals for a particular parameter:
My, \/LTT’ My and \/% Each plot contains five 95% credibility intervals and each in-
terval has circles at the 0.025, 0.5 and 0.975 quantiles, left to right. An interval at
y=ux, z =1,...,5 represents estimates for the parameter based on data not con-
taining that specimen, for example, an interval at y = 3 indicates that the estimates
are based on data from all specimens except Specimen 3. Intervals at y = 0 are based

on data from all five specimens
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Figure 6.6: Spatial representation of the average jump size, i.e., for polygon j of

specimen ¢ the average jump size, conditional on there being a jump, is given by
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Figure 6.7: Spatial representation of the average jump size, i.e., for polygon j of

specimen 5 the average jump size, conditional on there being a jump, is given by
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Figure 6.8: The posterior density for the logarithm of the crack lengths for a random

selection of half of the cracks in Specimen 3 (a) and Specimen 4 (b), together with

histograms of the logarithms of the lengths of the remaining cracks not used in the

analyses.




Chapter 7

Conclusions and Future Work

7.1 Conclusions

From the analysis carried out, it would appear that unmeasured, spatially varying
factors have an impact on crack initiation. The influence of the unmeasured factors
was modelled using latent variables (discrete model) and a Gamma random field
(continuous model). In the analysis of both the discrete and continuous models,
evidence was presented that spatially varying factors were present in the cement that
had an influence on crack initiation in the specimens. The range over which these
spatially varying factors exert an influence appears to be short (< 4mm).

The identification of such important factors is helpful for the understanding of why
damage accumulation is so variable. Specimens that were subjected to identical stress
loads under laboratory conditions did not present the same damage accumulation
patterns. The knowledge that such factors exist and the identification of them as crack
causing, together with the estimation of the range over which they have an influence
can lead to strategies to identify the physical causes. It may then be possible to either
eliminate or reduce them in order to decrease the amount of damage accumulation
and ultimately prolong the lifetime of the hip replacement.

Comparing the results of the discrete and continuous models it could be argued

that not much more information was gained by not aggregating the data and using

Iy
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the continuous model. The continuous model would allow for more accurate estimates
of the parameters but at the cost of locating each individual crack. If collecting
crack counts on a discrete grid facilitates the replication of more data than would
locating each individual crack, then using the discrete model with more data would
be preferable. The advantage of the continuous model is that it allows for more
accurate estimates of the range over which the latent parameters exert an influence.

In analysing the estimates of the parameters of the growth model evidence was
also found that suggest spatial variation in the growth of cracks exists. There is also

evidence of specimen variability as regards growth of the cracks.

7.2 Comparison With Other Models

Both the discrete and continuous initiation models presented are spatial models, in
contrast to the initiation models presented in McCormack et al. (1998) and Wilson
(2005), for example. The data analysed in this thesis readily facilitate the modelling
of crack initiation spatially, as spatial information has been recorded for each crack
that was observed. This is not the case in the data analysed in both McCormack et al.
(1998) and Wilson (2005) (same data analysed in both), as detailed spatial information
was not present in the data. Considering the spatial aspect as an important feature
in modelling crack initiation, it could be argued that the data analysed in this thesis
carry more information.

For the growth model, again it is possible to explore spatial aspects of crack growth
in the data analysed in this thesis, as this information is contained in the data. Again
such detailed information was not available in the data used in the growth models of
McCormack et al. (1998) and Wilson (2005) and hence any spatial aspects to growth
could not easily be examined.

The data analysed in this thesis do not have multiple time points at which cracks
were observed, thus it is not possible to examine crack initiation or crack growth over

time. In contrast, the data analysed in McCormack et al. (1998) and Wilson (2005)
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were recorded at five time points allowing a more detailed analysis of both initiation
and growth over time. From this point of view the data analysed in this thesis contain

less information.

7.3 Further Work

7.3.1 Reliability Models

An obvious extension to the work carried out in this thesis would be to construct a
model for the reliability of the hip replacement specimens. A model for reliability is
necessarily dependent on the definition of failure. As mentioned in the introduction,
the definition of failure is a subjective term. If failure is defined to be the total
number of cracks exceeding some limit then it would be possible to use either of
the initiation models proposed. Using one of these models it would be possible to
obtain an estimate for the probability that the crack density in a region exceeds some
specified limit. Beyond this limit the specimen would be deemed to have failed.
Another definition of failure could be that the total crack length (the sum of indi-
vidual crack lengths) exceeds a certain threshold, again beyond which the specimen
is deemed to have failed. The growth model proposed could be used to estimate the
probability that the total length exceeds the threshold. Another alternative could be

that a single crack length exceeds some threshold length.

7.3.2 Pre-Crack Initiation

The initiation models proposed are used to model the initiation intensity for load-
cracks. Pre-cracks are also a component of damage accumulation and the initiation
intensity for these cracks could also be modelled using the initiation models presented
in this thesis.

Since pre-cracks by definition form before any stress loading has been applied,

they are not subjected to this form of stress. However, they do experience what are
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known as residual stresses when the bone cement in the specimen is curing (drying).
Pre-cracks would also be subjected to unmeasured factors influencing their initiation.
Given estimates of the residual stresses, it would be possible to fit one of the initiation

models and thus model the initiation intensity of the pre-cracks.

7.3.3 Growth Model Extension

As briefly mentioned in Section 6.6.4, there does appear to be spatial variability in
the impact of the jumps on growth. As mentioned, this feature could be modelled by
incorporating a spatially varying parameter for the mean of the jumps. This could
be accommodated in our model by allowing each polygon to have its own jump mean

My j, in this way accounting for the spatial variability.

7.4 Final Remarks

As mentioned in the introduction, the spatial initiation models presented in this thesis
are a new application of the statistical methodology in an engineering context. Both
of these models, together with the growth model, offer mathematical insight into the
physical processes of damage accumulation, allowing the estimation of parameters
that model the factors (both observed and unobserved) that are influential in caus-
ing damage accumulation. This collaborative work offers both the engineer and the

statistician directions for further research.




Appendix A

Calculations

A.1 Discrete Model

A.1.1 Data Augmentation for Crack Count

The count of cracks in polygon F;; is given by N;; ~ Poisson(;;), where
,Ui]‘ = /\ij"lj = Slchj + 327}"4]‘ + .4]' Zw]-k%-k.
k

The likelihood function for i, B2, {7ix}, and p is calculated as follows. Note the
following index ranges: (specimen) i = 1,...,5; (polygon) j = 1,...,44; (polygon)
b= 1, 0wy a4,

exp [ =g )iz )™
712]' )

IP’(Nij = le‘jlﬁhﬁ% {rc}) =

Using the technique of data augmentation (see Example 3.1) we introduce the follow-

ing random variables: Njj;1, Njjo, ..., Njjs6, Where

P(*‘Vijllj\fij) ~ Binomial <:Vij,610] ]>,

ij
T;A;
P(‘Nijﬂ]\fij) ~ Binomial (J\/vij — Vi1, /32 - J ) >

pij — B1CjA;
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Al A
P(Nij3|Nij) ~ Binomial (N7 — N1 — Nyjo, Ji1%j1 ) ) ,
( ]3| 5 ¥ 51 52 e —/31CjAj o ﬁgT;jAj

' i Yiaswjaz A,
P(Nijas|Nij) ~ B1nom1al<N<-_ rep sk ) e >’
( 1) | z]) 1] 171 ] ’71‘4301]'4314]‘ n ’Yi44wj44Aj

and
Nijas = Ny — Ny, — -+ = Ny
It follows from Lemma 3.1 that:

Nij1 ~ Poisson(5,C;A4,),
Nij? ~ POiSSOH(BQTj/‘lj)./

Nijz ~ Poisson(’mwlej),

‘Nijglﬁ ~ POiSSOH(’YZ'44wJ'44‘4]‘).
Combining this result and Lemma 3.2 we obtain the following

P(Nij1,- .-, Nijas|B1, B2, {vir}, 0) = P(Nij1) - - - P(Nijas),
ex (—B1Cy) (1 CsAs)
N;j!
XD (=B T3 Aj) (ByT; Aj) ™o
Ni]‘gl
X H {exp (_%ka'kAj)('VikwjkAj)Niij } :

L Ngias!
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The joint posterior is given by

C;A;)(B,C;A4;)Nin
P(B1, B2y { i }> PH{Nij}) o H{exp = N)l('ﬁl <
ij

ij
. P (=5 T5A;) (B, T3 A5) ™
Ni]'Q!

exp (—’YikwjkAj) (’YikwjkAj)Niij
<] ( '

Nijr42!

« 1
x [T exp (=bgij)vie ™
which can also be written as:

P(B1, B2, {75}, PH{Ni}) exp{ By ZC A, } By)Zis Nidt x OH(C«J_>N1-J'1

J

X exp{ 3ZZTA } (B2) i Nisz x {,)I_I(TJ)MJ1

7]

{e‘(P <—%k Z»«JJAA ) () 20 Miawta H(vd k) ”’“”}
J
X exp( b B) gt
XGXp( b'_)[))g BQQ :
—(log (p) — p)?
202
XHeXp( byYie) Ve

A.1.2 Full Conditional Distributions

The full conditional distributions for j3;, 82, and {~;;} are obtained as follows:

ZI] N;ij1+o1-1

P(B1162, {1}, 0) o exp{- &aZCA +b1)}5; :

~ Gamma (ZAW +a1,aZCA +b>

Y]
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Ez] Nz]z-&-az 1

P(B2|81, { s}, p) o exp{—pa(5 ZTA +b2)} 35 ,

~ Gamma (ZN1]2+Q2,5ZTA +bz);

v

Pkl B1, B2, p) o exp{—ur(Y_ wird; + bg) } () =s Nowretest,

J

~ Gamma (Z Nijk+2 = Oy, ijkAj + bg> -
J J

The full conditional distribution for p is as follows

B N2
P(p|b1, B2, {7ij}) H {exp (‘ Z %kwjkAj) (/\z'j)N“} Uip exp { (logéil ) } .
T

ij

Let W(p) = Z]k wikvikA; and let A;j(p) = Aij, the full conditional then becomes

P(p|B1, Ba, {1i}) o H{exp —W( ))(,\U(p))m]}Lexp{'—(log(P)—u) }

op 2ur?

This full conditional distribution is not of known form and so the use of Gibbs sampling
in order to perform inference for p is not easily facilitated. Instead we use a random

walk Metropolis step. The acceptance probability for this step is calculated as follows:

P(ptest)
P(p) } ’

where ptegt is the new p proposed for the random walk. For ease of computation we

consider the log{P(ptest)/P(p)}.

log { Plotest } Z W(p Z W (ptest)
+ Z{Nij log(Aij(ptest))} — Z{sz log(Aij(p))}
+ log(op) — log(optest)

(log(p) — p)* — (log(ptest) — 1)
202 '

accept(p, ptest) = min {1,

+
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A.2 Continuous Model

[N
Ot

For the random field model for crack initiation the count of cracks in window j = 1,2

of specimen ¢ = 1,...,5 is given by
Nij ~ POiSSOI](Aij),

where the intensity measure is defined to be

Ai; = By /X Xi(a)olda) + /X Xaaolda) + /X j /S )0y ),

For ease of notation let A;j, = 5, fx w(dz) for n =1,2, and let
”3 fX fS z] dS) (d.T) Also we let Fij = F”(dé’)

A.2.1 Full Conditional Distributions for 3;, #» and p

We use the technique of data augmentation (see Section 3.4) in the following way.
For each crack (k) in a given specimen (i) and window (j) we augment the data with
an indicator which has the effect of attributing the initiation of the crack to either
compression (n = 1), tension (n = 2), or the unobserved latent spatial factor (n = 3).

Let I;;x € {1,2,3} be this indicator variable, where
P(Iijk = TL) X )(n(xijk)ﬁm n = 1, 2, 3

One method of carrying this out is for a given crack z;;; let

P Xeilwym) 51
y A(:L’ijk) ’
and
P Xo(zijk) B2
A(xijk) = Xl(l'ijk)617
where

/\(xz]k) = Z -Xn(xijk)ﬂn-
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Simulate a Bernoulli random variable B; with probability P,. If B; = 1, then I;j; = 1,
and we attribute this crack to compression. If B; = 0 then simulate another Bernoulli
random variable By with probability P». If B, = 1 then I;;;, = 2 and we attribute
this crack to tension. If By = 0 then I;;;, = 3 and we attribute this crack to the latent
spatial factor.

We now introduce the random variables N;i, Njjo, and Njj3 where

z]n #{k Izgk = Tl}

and it follows that
3
Nij = Y Nijn.
n=1

It follows from the definition of the indicator variables and from Lemma 3.1 that

N;jn ~ Poisson(A;jn).

Combining this result and Lemma 3.2 the joint posterior distribution for the aug-

mented data may be written as

P(B1, B2, p, {Ti H{Nijn}) H{exp AX]")('/\WL) ijn?r(rij)}7T(/31)7T(52)7F(P).

ijn

The full conditional distributions for 8; and S, may be obtained as follows, the priors

for 5, and B are 7(3;) ~ Gamma(aq, b;) and 7(82) ~ Gamma(as, by), respectively.

o exp{ ( /X1 w(dzx) +b>}(5l)zﬁwm+al_1’

~ Gamma (Zl sl + O / X (z)w(dzx) +bl> )

= FAY .. YNij1
P(ﬁIIBQ,p, {F”}) & H {exp( Az]l)(Aul) } 1011*1 eXp(—b151),
ij

and similarly for [:

P(B2|B1, p,{T'ij}) ~ Gamma <Z Nijz + as, / Xo(z)w(dz) + b2) _
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For p the conditional distribution is as follows:

exp ~(Aus) (i)™ (0gp) — )°
p ' 202 '

B(ol...)

and we use this distribution in calculating the acceptance probability of the random-

walk Metropolis step we use to generate samples of p.

A.2.2 Full Conditional Distribution for I'(ds)

The following is an adaptation of a proof given in Wolpert and Ickstadt (1998a).
Lemma 5.1

P (D(ds)| N1, N2, Z5(S), B1, B2) ~ Gamma (a(ds) + Z»(ds), b(s) + [, k(z, s)).
Proof:

Let {A;} be a finite partition of S,j = 1,-- -, J. The realisation of a Gamma random
field is almost surely discrete, consisting of countably infinitely many point masses
of magnitude ~; at locations s;, because of this we can determine I'(A4;) by summing
over the jumps that fall into A;.
T(4;) =) {w:si€ A}
i

We also know from the definition of a Gamma random field (Definition 5.5) that
['(A;) ~ Gamma(a(A;),b(s;)), s; € A;.

Consider the following:

B(Z(X x A;) = Z4 = Zo(A,)|[T(ds)) ~ Poisson(/‘/ Flz st ),

= Poisson(k(X, s;)u;),
where k(X s;) = [, k(z, s;)w(dz), f I'(ds) = T'(A;) = p;. Hence

J Z%
P(Z(X x A;) = ZIT(4A;) = 3, Vi) =[] eXp(—k(X’Sj)gﬂ)!(k(xasj)ﬂj)

i=1
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We have assigned a Gamma prior, 7(['(ds)) ~ Gamma(a(ds), b(s)), on the Gamma

random field I'(ds), hence 7(I'(4;)) ~ Gamma(a(4;),b(s;)),s; € A;. Consider the

following

P(Z3, VilT(4;) = pj, Vi)m(T(4;), Vj) =

! exp(— S:) s S )1 Z% Ne(Aj)
H{ p(—k(X, ﬂ?j)!(k(x, i) ?E(S;)(Aj))(uj)““‘ﬂ”exp(—b(sj)ﬂj)},

J=1

J
o [T exp{ms(k(%, 5;) +b(sj))} (us)H1+% 7,

where I'(.) = [~ e ™2™ !dz, i.e., the Gamma function. Hence

J
P(T'(A;) = pj, Vj|--) ~ HGamma (a(A)) + Z3, k(X, s;) +b(s;)) -
j=1

On refining the partition we have the following:

P(T'(ds) = u(ds)|--+) ~ Gamma (a(ds) + Z5(ds), k(X, s) + b(s)),

as required.
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A.3 Growth Model

The logarithm of the length of crack k of polygon j of specimen ¢ is given by [,
where l;;x ~ Normal(u;jx, 02), where pijx = Lijx + (aCj+ BT;) hijk + Bijk Yijx. We wish
to carry out Bayesian inference for the parameters: 7 = 1/0?%, «, 8, A\, My, 71, My

and 7y. The prior distributions for each of these parameters are as in Section 6.3.5.

A.3.1 Posterior Distribution

The posterior distribution is as follows:

P(r, o, 8, X\, My, 71, My, v, {Lijie }, { Bijie}, {Yije}, {hage- H{lige}) =
P(r, o, B, {Lije~ }, { Bij }, {Yis}, {hiji- Y {lije})
X P(A, My, 71, My, 7y |7, &, B, {Liju- }, { Biji }, {Yije }, { g 1, {Lije }),
< P(r,e, B, {Lije- },{Bijk}, {Yisu}, {hije- H{liji })
x PO Biji })P(My, T {Liji- DP(My, v [{Yije}),
o< P({lije}|T, 0, B, {Lije=}, {Bije}, {Yijn}, {hiju+})
x P({Biji } A P({ Lije- } M1, 71)P({Yiji } | My, 7v)
x n(r)m(@)m(B)m(\)m (My)m(rr)m(My)r(ry) ] | w(hijee),

ijk

X L exp (—S—I(MI - m1)2)71¢1_1 exp (—wr7y)
2T 2
s %

X é exp (—EY(MY - my)2)7$y 1exp (—wyTy)

x 797 exp (—wr){I(hijx- € [0,1]) HI(cx € [aa, ba))}
x {I(B € [ag, bg]) A1 (1 — A)» 7,
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where hijlc' =1 — tijk'-

A.3.2 Full Conditional Distributions

The full conditional distributions for each of the parameters of interest are as follows:

Plr].,.) 22 g {\/;GXD <_5(li]’k e Nijk)Q) } ¢! exp (—wT),
x r3tel exp {—% (Z(li]’k = ,uijk)2> } exp(—wr),

ijk
K i 5
~ Gamma (—2- + o, 5 Z(lijk — Mijk) + w) :
ijk
where K is the total number of cracks over all specimens and polygons. For the full

conditional distribution for @ we use the method of “completing the square”:

Plal...) Hexp {_g(lijk = ,Uijk)Q}a

ijk

= Hexp {—% (Laz'jk — O(C]hi]'k)Q},

ijk

T

ijk ijk
—2a Z(Laijkcjhijk)) } i
ijk
= _TZijk(C]Zh?jk) Zijk Liijk i
2 Zijk (C;h?jk)
- Zijk(Laijijhijk)
2 i (ChZ) :
2
or lB e Zijk(CJ?h'z?jk) s Zijk(Laijijhijk)
- 2 >x(C2h%,)

- Wil (Zijk(l/aijkcjhijk) 1
4 ) )

Zijk(cjzhzzjk) T Zijk(C]?hzzjk
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where Loijk = lijk — Lijk — BTjhijk — BijkYijx. Similarly for the parameter j:

> iin(LpiikTihije) 1
Zz‘jk(Tzth]k) ’TZijk(TthQJk) ’

where Lgijx = lijx — Lijk — aCjhijk — BijiYije. For X the full conditional distribution

P(B|...) ~ Normal (

is as follows:

e H { 1 Bz]k )Bijk

ijk
o (1 _ )\)K_Zijk Bijk ()\)Zi]’k Bijk

~ Beta (ZBijk ~+ 1, K+1- ZBijk) .
ijk ijk
For the mean of the initiation lengths of the load-cracks M;:

P(M;]...) « H {GXP ( 5 (Lijer — M) )}exp (—%(MI = m,)Q)

ijk*

= exp {—% Z(L‘]‘k- = AI[)? = 67[([\1] = 7TL[>2}

ijk

1
— "exp {—;}- ((T[K* + S[)AIIQ — (T[ Z]ijk- + m181)2‘M1

&

+(11 Z I + m?sl)) }

ijk"

ijk*

= exp {—% (AM} —2BM; + C)}

A 2B C
= exp{—; (M[2 - 7MI+ Z)}

where k* refers to a load-crack, K* is the total number of load-cracks, A = 7, K* + sy,

B = 1) e Lijkr +mysp, and C = 711, I%. + mis;. The mean of the Normal
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distribution for the jump size My is also of the same form:

P(My|...) H {exp ( Yiik — My)2) } exp (—S—Y(My — my)2),

2
i 1
~ N 1
orma(AA)

where A =717vK + sy and B = 1y Zuk Yijr + mysy.
The full conditional distribution for the precision parameter of the Normal distri-

bution for the initiation lengths is as follows:

P(rr]...) o H{f (—%(Iijk*—M,)Q)} 77" exp (—wrTr)

ijk*
K* 1 g
~ Gamma ( 5 + ¢y, 5 Z(Iijk- — ]W[) = w,) :
ik
The precision parameter of the Normal distribution for the jump size is also of the
same form:
(& -
P(ry|...) « J] {\/ exp ( ;/(yijk = ]WY)Q)} " " exp (—wy Ty)
ijk -
K 1 5
~ Gamma (3 -+ (f)y, 5 Uzk(}/uk i A[y) + w;») .

Finally the full conditional distributions for the parameters I;;x, B;jx and Y are

as follows:

T T
P(Ii]'k-| Sls ) o ¢ exp (—'2—()(71‘]';@‘ = Iijk*)2> exp (_})_I(Iuk* = AMI)2)

&

in a similar way to Equation A.1 we use the method of “completing the square”,

giving

Xi; M 1
P(Lijk-|...) ~ Normal(T il >

T4+17 T4+ T
where X, = lijx — (aCj + BT})hiji + BijiYije. The full conditional distribution for

the jump indicator is:

T B -
P{Bygl:«d x ezp {_g(lijk = ,uijk)Q} (1=N)* B”k(/\)B”k

T

= exp {—g(Xijk & BijlcY;jk)Q}(l — M) Buik (\) Bk
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where ‘Yijlc = [ijlc = Iijk — (OZCJ' i BTJ)h”k Let

.
Ao = P(Byx =0) o exp (~ZX2,) (1= ),

T e
A = P(Bijx=1) xexp <—§()ﬁiﬂc - Yijk)2) A,

thus we have

A
P(Bijx = 1]...) ~ Bernoulli <A0 +1A1> )

The full conditional distribution for the size of an individual jump is:
T Ty
P(Yijk|...) o exp (_§(lijk = Nijk)g) exp <_?(Y;jk = MY)Q),
if Bijk =1 ()
P(Yjjk|...) ~ Normal (My, 1v),

and if Bz’jk = 1, then

Xije + Ty 1
P(Y3jk| - ..) ~ Normal (T g ¥ Ty My )

T+ Ty T+ Ty
where X;jv = lijk — Lijp — (aC;j + BT})hijx. The full conditional distribution for

hije = 1 — t;j1-, where ¢;;- is the initiation time of a load-crack is:

P(hijge|...) o« exp {—g()(ijk' — {605 + BTj)hijk*y}H(hzjk‘ € [0, 1]);

C; T;)? Xiike
& “ep {_T(a j;_/B J) (hijk' — m) }H<hijk:' € [0, 1])

Xijk 1
(aC; W]L BT;) 7(aC; + 57})2) I(hsjx € [0,1]),

~ Normal (

where Xijk* = li]‘kn — Iijk‘ = Bijk‘y;jk*'
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Algorithms and Trace Plots

B.1i MCMC Aigorithm for Discrete Initiation Model

We now present the MCMC algorithm used to obtain samples from the posterior
distribution for each of the parameters: /i, B2, {7}, and p of the discrete initiation

model.

1. Forte=1,...,5; j =1,...,44, input the data: NN;;,C;, T}, and the coordinates

of the centroids of the polygons.
2. Initialise 31, B2, {i}, and p.
3. Set parameter values for the priors: oy, by, as, bs, g, by, 1, and o.
4. Initialise the iteration counter r = 0.
5. For r < total number of iterations:
(a) For j=1,...,22, k=1,...,22 calculate

O D S e /71
“‘)jk e 27Tp(r—l)2 Xp 2p(r—1)2 ’

where |d;x| is the Euclidean distance between the centroid of polygon F;

and the centroid of polygon P;. for a particular 7 (as the weights are the

same for each specimen).
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(b) Forj=1,...,22, k=23,...,44
wg»;) ="

i.e., initiation of cracks in a given polygon is only affected by latent variables
in the window that contains the polygon.

(c) For j =28,...,44, k =23, ... ,44 repeat Step (a).

(d) For j =23,...,44, k=1,...,22 repeat Step (b).

(e) Fori=1,...,5, 7 =1,...,44 define

(r) _ (=1} (r)
t0P4T5ij = Yis3 w_;‘ZSAJ'a

and

bottom(lg- =3 tOPkli’

bottom{”) = bottom'?; — top!")
2ij — lij P1aj>

bottomg;. = bottomlez = topZ],

bottomig)ij = bottomgz)ij = tOpz(iz)ij;

(f) Data Augmentation

Foreachi=1l,...,5, i =1,...,44 simulate
(r)
N from Binomial { N;;, —Pus |
Nijn " bottom{]) )’
(r)

N from Binomial | N;; — N, ﬁﬁu&m

4 72" bottom,,;

(r) — (r) _ topg:
Njjis from Binomial (N Nwl = Nt m :

(g) Set Nz(jr46 Nij — Ziilefﬁ-
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(h) Gibbs Sampling

iyl

Simulate 4" from Gamma (3, N§Y + 01,55, C54; + b1 ).
Simulate 8" from Gamma (Zij Ni(;?) +a2,5) ; TiA; + b2>
Foreachi=1,...,5, k=1,...,44,
simulate 7 from Gamma (Z] Ni(jr,zﬁ + Wy D wj(.?A]- + bg>.

(i) Random Walk Metropolis Step to Update p

i. Simulate pyegt = p"V + Normal(mean, var) such that piegt > 0.

ii. Forj=1,...,22, k=1,...,22 calculate

(r) . 1 _|djk|2
wjy (test) = 57 eXP| 55 :
“TPtest Ptest

iii. For j=1,...,22, k=23,...,44

(r) _
Wi = 0,

iv. For j =23,...,44, k = 23, ...,44 repeat Step (i)ii.
v. For j =23,...,44, k =1,...,22 repeat Step (i)iii.

vi. Accept ptegt With probability

min 4 1, P(Ptest) ’
P(pr—1)

see Appendix A.1.2 for full details of the acceptance probability.

vii. If piegt is accepted set p™) = piagt, otherwise p(M = pr=1,

() r=r<1,
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B.2 MCMC Algorithm for Continuous Initiation

Model

The following is the MCMC algorithm used to obtain samples from the posterior

distribution for each of the parameters: f;, 8s, p and I';;(ds) of the continuous spatial

initiation model.

1. Input of Data and Initialisation of Parameters

(a)

(e)

For i = 1,...,5 (specimen); j = 1,2 (window); k = 1,..., K;j, (K;; is
the total number of cracks in window j of specimen i) input the data:
for each crack we have its spatial location /;j; and its attribute vector
ik = 1Ok, Tisn)-

In order to calculate fX] Xi(z)w(dz) and ) jXJ Xs(z)w(dz) (see Equa-
tions 5.4 and 5.5) we use an approximation. We divide each window into
a fine grid and calculate the stress value, through kriging, at the centroid
of each segment of the grid. Thus each segment on the grid has a vec-
tor (Cjg, Tjy) and one of Cj, and T}, will be zero as there cannot be both
a compression and a tension value at a single point. For ¢ = 1,...,G
and j = 1,2 input the vector (Cj,, Tj,). Also input the area of each seg-
ment of the grid, A;, and the coordinates of the centroid of each segment
cjq- The approximations are as follows: fx]- Xi(z)w(dz) = 3, CjgA;jq and
ij Xo(z)w(dz) = 37, TjgAjq-

Set the parameter values for each of the priors, a1, by, a2, ba, vy, by, 11, and

o.
Initialise the parameters, (51, B2, p, and [';,;(ijk) for all ¢, j, and k, where
Fmt(ljk) ~ ij k(lijk, S)sz(ds)

Initialise the Gamma random field.
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2. For r <

total number of iterations:

(a) First Data Augmentation Step

i.

11.

11l.

iv.

V1.

For each crack calculate

AL = CiguBU ™ + TiBY ™ + Tina (35k) .
Set P, = CyjB "V /AL
Simulate By ~ Bernoulli(P;). If B; =1 increase N;j; by 1.
If By =0 set Py =Tyl /(MG — CignBt ).

Simulate By ~ Bernoulli(P). If B, =1 increase Njjz by 1.

If By = 0 increase N;j3 by 1, and keep a record of this crack location

that has been attributed to the latent factor by setting Hy,,, = lij-

(b) Second Data Augmentation Step

i

11.

For each 4,7, k =1,..., N3, and for each m = 1,..., M calculate the

following:

Yotk H b Fiin)
Z%:l “/ijmk(HmOijm)

For each latent crack choose a corresponding point o;;, in S; based on

])ijm =

the probabilities F;j,,. Let sijx = 0ijx.

Random Walk Metropolis Step see Note 1.

Let s;jx = 0ij« + r, where r ~ Gaussian. Accept s;;; with probability
min {1, a} where

k(Hi]kvsijk)
OV ints YijmK(Hijk,0i5m )+« K(Hijk 81k )
K(Hij1,005.) )
> Yijm K(Hijk0ijm)

a =

If sijx = 0454 + 7 is not accepted then s;jx = 0jji.

(c) Simulation of the Gamma Random Field

1.

11.

Set Oijm = Sijm, 1 < m < Nyja.

Generate independent locations o;;,, ~ II(ds) for N;j3 < m < M.
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iii. Set bGRF,, = bg+2g k(cjg, 0ijm) A g, where we use the approximation
>0 K(Cigs ijm) Ajg = ij k(z, 0ijm)w(dz).
iv. Generate successive jump times of a standard Poisson process by gener-
ating M exponentially distributed random variables, {e;}, then setting
b = Y 1 e Tor each m,
v. If Nijz > 0,
let i1 = e1.bGRE;
for m=2,..., Ny let Yijm = (ém — €m—1)bGRE;
for m > Nyjs let %ijm = E{'((em — €niy5)/2g)bGRF .
vi. If N;j3 =0, then for m=1,..., M let V;jm = E{ ' (em/ag)bGRF,,.
(d) Simulation of the 3’s
Simulate
8" ~ Gamma( ij Nijt + 01,53, CjgAg + b1) and
B ~ Gamma(Y,; Nijo + 02,53, Tjg A, + by).
(e) Random Walk Metropolis Step for p’s
Let ptest = p + 7, where 7 ~ Gaussian. Accept piegt With probability
min {1, a}, where

(1) Ajs(ptest) \
a = H exp(—Aija(Ptest)+Aij3(P ) X /\"3(,0(1"—1))
Ngj

1j

y ( p") ) i (—(log (Ptest) — 1)* + (log (p*~1) — u)2> }

Ptest, 20?

where the approximation
Moslp) = [ [ K o)Ty(dsetda),
Xj J S;
i Z%jm{zk(cjgaaijm)fljg}
m 9

is used.

(f) Set T (ijk) = 3, k(lijks Oijm) Vijm-
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(g) r=1r+1.

Note 1: Step 2(b)(ii) is optional. Without this extra random walk Metropolis step it
is highly likely that the same augmentation points (o;;,) will be continuously chosen
and this can slow the convergence of the algorithm, this was also noted by Wolpert

and Ickstadt (1998a).

B.3 MCMC Algorithm for Growth Model

We present the MCMC algorithm used to obtain samples from the posterior distribu-
tion for each of the parameters: 7, a, 8, A\, My, 77, My and 7y for the growth model.
When simulating from a distribution, a reference is given to the equation number that

provides full details of the parameters of the distribution.

1. Input of Data and Initialisation of Parameters

(a) For i =1,...,5 (specimen); j = 1,...,44 (polygon); k = 1,..., Kj;, (Kjj
is the total number of cracks in polygon j of specimen 7) input the data:
lijk, Cj and Tj. For each pre-crack input I;;;, the logarithm of the length

of the pre-crack at the start of stressing.

(b) For each pre-crack set ¢;;x = 0.

(c) Initialise 7, &, B, A\, My, 71, My, 7y, {Lijer }, {Bijk }, {Yije }, and {hije-}.

(d) Set the parameter values for each of the prior distributions for each of the
parameters, see Section 6.3.5.

2. For r < total number of iterations:

(a) Gibbs Sampling
Simulate the following parameters:
7" ~ Gammaf(, ) 6.1;

a") ~ Normal(,) 6.2;
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(e)

B ~ Normal(,) 6.3;
A ~ Betal(, ) 6.4;
M}” ~ Normal(, ) 6.5;
7" ~ Gamma(, ) 6.6;
M}(f) ~ Normal(, ) 6.7;

7 ~ Gamma(, ) 6.8.

For each load-crack simulate its initiation length: Il(;,z ~ Normal(, ) (6.9)

and simulate its initiation time hg,)c ~ Normal(,) (6.13).

(r)
ij

~Y

For each crack simulate whether or not there is a jump in its length: B

Bernoulli(.) (6.10).

Depending on whether or not BZ(JT,Z is 1 simulate a jump size accordingly:
for each crack k: ngrk) ~ Normal(.) (6.11) if Bz(]r,l = () and Yl(fk) ~ Normal(.)
(6.12) if B) = 1.

ijk

P=wr4 1.

B.4 Trace Plots

We present in the following figures trace plots for the various parameters of the three

models discussed in this thesis. As detailed in Section 3.3.6, after a number of it-

erations (burn-in) the Markov chain resulting from the MCMC algorithm, is said to

have converged. When examining trace plots an indication that convergence has been

reached is if the chain exhibits the same qualitative behaviour. It appears that the

trace plots presented in the following figures exhibit the same qualitative behaviour

and so we conclude that there exists no evidence for lack of convergence and we believe

that the chains presented are samples from the corresponding posterior distributions.
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Figure B.1: Trace plots of samples obtained after convergence for parameters of the
discrete initiation model. (a) shows a trace plot of sample values for 3; (2000 samples);
(b) shows a trace plot of sample values for 8, (2000 samples); (c) shows a trace plot

of sample values for p (7000 samples); (d) shows a trace plot of sample values for

AIO Zk W10,k7Y1,k (1000 samples).
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Figure B.2: Trace plots of samples, for various parameters of the discrete initia-
tion model, obtained after convergence. (a) Aj5)_, wiskY2x (1000 samples); (b)
Ago Yy waokYa ke (1000 samples); (¢) y120 (1000 samples); (d) 7329 (1000 samples);
(e) va6 (1000 samples); (f) v521 (1000 samples).
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Figure B.3: Trace plots of samples obtained after convergence for the parameters of
the continuous initiation model. (a) shows a trace plot of sample values for 8; (2500
samples); (b) shows a trace plot of sample values for 8, (2500 samples); (c) shows a

trace plot of sample values for p (2500 samples).
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Figure B.4: Trace plots of samples, for various parameters of the growth model,
obtained after convergence. (a) 7 (3000 samples); (b) « (1000 samples); (c) £ (1000
samples); (d) 77 (1000 samples); (e) My (3000 samples); (f) 7 (3000 samples).
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