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Abstract—In this paper, we design receivers for filter bank
multicarrier-based (FBMC-based) massive MIMO considering
practical aspects such as channel estimation and equalization. In
particular, we propose a spectrally efficient pilot structure and a
channel estimation technique in the uplink to jointly estimate
all the users’ channel impulse responses. We mathematically
analyze our proposed channel estimator and find the statistics
of the channel estimation errors. These statistics are incorpo-
rated into our proposed equalizers to deal with the imperfect
channel state information (CSI) effect. We revisit the channel
equalization problem for FBMC-based massive MIMO, address
the shortcomings of the existing equalizers in the literature, and
make them more applicable to practical scenarios. The proposed
receiver in this paper consists of two stages. In the first stage, a
linear combining of the received signals at the base station (BS)
antennas provides a coarse channel equalization and removes
any multiuser interference. In the second stage, a per subcarrier
fractionally spaced equalizer (FSE) takes care of any residual
distortion of the channel for the user of interest. We propose
an FSE design based on the equivalent channel at the linear
combiner output. This enables the applicability of our proposed
technique to small and/or distributed antenna setups such as
cell-free massive MIMO. Finally, the efficacy of the proposed
techniques is corroborated through numerical analysis.

Index Terms—FBMC, multiuser, time domain channel estima-
tion, equalization, massive MIMO, distributed antenna, cell-free.

I. INTRODUCTION

HE emergence of new applications and technologies

such as high data rate holographic communications and
low latency high mobility communications for autonomous
driving, as well as massive machine-type communications,
has marked a new era in communications, [1]. This calls for
the development of a flexible air interface in different levels
and the associated modulation scheme to deliver unprece-
dented levels of connectivity, reliability, and flexibility, often
supplemented with strict latency requirements. Even though
orthogonal frequency division multiplexing (OFDM) has been
chosen for the physical layer of both 4G and 5G systems, its

Copyright (c) 2015 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions @ieee.org.

The portion of this research that has been performed at the University of
Utah is supported through the National Science Foundation grant SpecEES-
1824558. The portion of this research that has been performed at the Trinity
College of Dublin is supported by a grant from Science Foundation Ireland
under Grant number 19/FFP/7005. For the purpose of Open Access, the second
author has applied a CC BY public copyright licence to any Author Accepted
Manuscript version arising from this submission.

shortcomings, such as its sensitivity to frequency errors and
bandwidth efficiency loss due to the redundant cyclic prefix
(CP) and high out-of-band emissions motivate consideration
of other alternative waveforms. Its high spectral efficiency and
flexibility in prototype filter design to serve a diverse set of
applications in future networks make filter bank multicarrier
(FBMC) a promising candidate waveform for future wireless
systems [2], [3].

Design of novel physical layer technologies and flexible
modulation schemes such as FBMC that are bolstered with
advanced co-located/distributed multiple antenna systems con-
tribute towards an increased capacity and reliability in the
future multiuser networks. The authors in [4] and [5] studied
these systems and demonstrated the self-equalization/channel-
flattening effect of FBMC in massive MIMO channels. In a
more recent work, [6], it was noted that the channel-flattening
effect of FBMC that was first reported in [7] 1is limited
and, thus, a more accurate equalization method was needed.
In particular, it was shown that this limit is the result of
the correlation between combiner taps and channel impulse
responses between the user terminal and the base station
(BS) antennas, [6]. It was further shown that this correlation
converges to an equivalent channel which resembles the power
delay profile (PDP) of the set of channels between the user of
interest and the BS antennas. This finding was then used to
propose a per-subcarrier per-user equalizer that recovers the
Nyquist property that was broken by this PDP channel.

The authors in [8] use concepts in random matrix theory to
obtain the asymptotic performance of FBMC-based massive
MIMO systems with a linear combiner, similar to those in
[4] and [5], and presented the mean squared error (MSE)
of the recovered data symbols. These results show that the
MSE saturates to a lower bound and becomes uniform across
all the subcarriers. Taking note that the MSE and signal-to-
interference plus noise ratio (SINR) are inversely related, one
may realize that this result is inline with the results of [6]. The
authors in [9], on the other hand, analyze the performance of
FBMC in multiuser massive MIMO systems with co-located
antennas and derive lower bound expressions for achievable
sum-rates with and without perfect channel state information
(CSD) in the uplink when a linear combiner is deployed. The
results in this paper are also in line with those in [6] and [8].

It is well known that, accurate estimates of the underlying
channels are required at the BS to deliver the promising
benefits of massive MIMO systems. Furthermore, many of



the emerging applications in future wireless networks require
ultra-reliable low-latency communications (URLLC), [10].
This necessitates the need for highly accurate channel estima-
tion techniques with minimal training overheads, especially
in multiuser scenarios. In addition, the current literature on
FBMC-based massive MIMO is mainly focused on asymptotic
analysis, without much focus on the practical aspects, [6], [8],
[9]. In particular, to the best of our knowledge, there is no
published work to date that extensively addresses the practical
problems of channel estimation that were noted above, e.g.,
equalization in the presence of imperfect CSI, as well as the
scenarios where the number of BS antennas are limited.

The focus of this paper is on the design of a practical
receiver for FBMC-based massive MIMO systems in the
presence of imperfect CSI. We start with the channel esti-
mation problem in the uplink of a FBMC-based network. We
note that, in FBMC, subcarriers are orthogonal in the real
field. This makes channel estimation a more complex task
when compared to its OFDM counterpart. Existing channel
estimation methods for FBMC are mainly based on the inter-
ference approximation method (IAM), e.g., see [11]. IAM is a
frequency domain channel estimation technique and requires
the maximum channel delay spread to be much shorter than
the symbol interval. Thus, when this condition does not hold,
IAM leads to inaccurate channel estimates. A review of the
IAM-based channel estimation for FBMC is provided in [12].
Similar to single user systems, most of the channel estimation
techniques for MIMO-FBMC systems are also based on the
IAM model. To avoid the issues due to the inaccurate channel
estimates of IAM, the time domain channel estimation tech-
niques were proposed [13]-[20] . The authors in [13]-[18]
propose time domain channel estimation techniques where
guard symbols are required to separate different users’ pilots.
This leads to a spectral efficiency loss and limitations in terms
of latency, especially as the number of users increases. Hence,
clearly, in multiuser scenarios, reducing the pilot overhead for
channel estimation becomes highly important. An alternative
time domain channel estimation method for FBMC and its
extension to MIMO channels was proposed in [19]. This
method considers sending pilots for each antenna/user on all
the subcarriers where the users’ pilots are multiplexed in the
code domain. This allows sharing the same time-frequency
resources for channel estimation. The author also discusses
a method of choosing a set of optimized codes in order to
minimize the MSE of the estimated channels. Nevertheless,
as [19] is not intended to cope with a muti-user scenario,
and for the sake of minimizing the pilot overhead, there
is only one FBMC pilot symbol per antenna (or user). In
a multi-user context, this might limit the number of users
that can be served. This time slot will be followed by one
or more null FBMC symbols that act as a guard interval.
This method is further studied in [20] where the associated
formulations for the MMSE estimator and the Cramer-Rao
lower bound are presented. Another interesting approach that
has recently emerged in the literature is based on the idea of
deploying a super imposed preamble with the data symbols,
[21], [22]. In this approach, no isolation between the preamble
and data symbols is required. While superimposed pilots

improve spectral efficiency, they require iterative interference
cancellation. This process purifies the training signal from
intrinsic interference coming from the data symbols at the
expense of additional computational load.

To address the aforementioned issues for channel estimation
and meet the stringent latency requirements of future networks,
in this paper, we propose a pilot structure and a time domain
channel estimation method for FBMC-based massive MIMO.
Opposed to the existing literature, e.g., [23], our proposed
pilot structure interleaves different users’ pilots in time and
frequency without any guard symbols between them, see Fig. 1.
Furthermore, time domain channel estimation allows us to use
as few as L pilots for channel estimation [24]. This clearly
leads to a great amount of savings in signaling overhead.
This, in turn, translates into a reduced latency and improved
spectral efficiency, especially as the number of users increases.
Furthermore, this brings a significant relaxation on the pilot
contamination problem in massive MIMO networks, [25],
given that the minimum number of pilots is assigned to each
user. The proposed channel estimator takes advantage of the
intrinsic interference due to the absence of guard symbols be-
tween different users’ pilots and jointly estimates all the users’
channel impulse responses. We also mathematically analyze
our proposed channel estimator and obtain the statistics of
the channel estimation errors, which prove to be useful in
combatting the imperfect CSI effect.

Literature on multiple antenna FBMC receivers is mainly
focused on MIMO-FBMC [13], [26]-[28]. References [26]
and [13] propose approaches based on multi-tap fractionally
spaced equalizer (FSE) for a MIMO setup. Authors in [26]
use the frequency sampling (FS) approach to calculate per-
subchannel equalizers. In [13], the authors use SINR and
signal to leakage ratio as metrics to be maximized in de-
signing multi-tap processing coefficients at the transmitter and
receiver. Reference [28] proposes a tensor-based semi-blind
approach for joint channel estimation and data detection in
MIMO-FBMC systems. The identifiability of the canonical
polyadic decomposition model introduced in [28] for MIMO-
FBMC systems is not guaranteed. Interested readers are en-
couraged to refer to [29] for more details on channel estimation
and equalization of FBMC systems.

In this paper, we address the channel equalization problem
in FBMC-based massive MIMO, more inclined towards prac-
tical scenarios with both co-located and distributed antenna
setups, i.e., cell-free MIMO [30]. In particular, we note that
method of [6] where perfect knowledge of the underlying
channel PDP is assumed at the receiver is not realistic.
Hence, we develop new methods that operate based on channel
estimates.

To summarize, the main contributions of this paper are the
following; (1) We propose a joint multiuser and spectrally
efficient channel estimation technique for the uplink of FBMC-
based networks that is applicable to massive MIMO with both
co-located and distributed antennas. We also derive the re-
quired statistics of the channel estimation errors to be used for
their compensation at the equalization stage; (2) We investigate
the channel equalization problem in FBMC-based massive
MIMO and propose a practical two-stage equalization tech-



nique that is highly effective in both co-located and distributed
antenna architectures; (3) We take into account the equalizer
length in the design procedure to achieve an equalizer with
a practical length; (4) We integrate the PDP estimates of the
channel into our equalizer design framework and propose a
practical PDP-based equalizer with a practical/short length; (5)
We formulate FBMC-based cell-free massive MIMO for the
first time and investigate channel estimation and equalization
in this setup; (6) We derive the statistical characteristics of
the estimation errors of our proposed channel estimator and
incorporate them into our proposed equalizers to tackle the
imperfect CSI effects.

The rest of the paper is organized as follows. Section II
presents FBMC principles, paving the way towards presenting
our proposed pilot structure and multiuser massive MIMO
channel estimation technique in Section III. In Section IV,
the principles of FBMC for massive MIMO are explained
along with an asymptotic analysis that sheds light on the
need for an extra stage of equalization after resolving the
multiuser interference and a coarse equalization of the channel
in the first stage. We show that this equalizer should be a
fractionally spaced one and should be designed separately for
each user. Two design techniques for the equalizers are also
proposed. Section V expands our analysis to the imperfect
CSI and discusses the corresponding equalizers. Section VI
provides numerical analysis, confirming the validity of our
claims through simulations. Finally, the paper is concluded in
Section VII.

Notations: Matrices, vectors and scalar quantities are denoted
by boldface uppercase, boldface lowercase and normal letters,
respectively. A(m,[) represents the element in the m'" row
and the [*" column of A and A~ signifies the inverse of A.
I, is the identity matrix of size M x M, and D = diag(a)
is a diagonal matrix with diagonal elements in the vector
a. Superscripts (-)71, ()T, () and (-)* indicate inverse,
transpose, conjugate transpose, and conjugate operations, re-
spectively. R{-}, J{-}, E{-}, (| M),  and tr{-} represent real
value, imaginary value, expectation, M fold decimation, linear
convolution and matrix trace operators, respectively. Operator
Tuxn(a) transforms the vector a into a M x N Toeplitz
matrix. Finally, §;; represents the Kronecker delta function.

II. FBMC PRINCIPLES

We consider the discrete time baseband equivalent of the
staggered multi-tone (SMT) system. This modulation scheme
divides the transmission bandwidth into M sub-carrier bands
with the normalized bandwidth of 1/M each. The real-valued
data symbols in SMT are placed on a regular time-frequency
grid with the time and frequency spacings of T7'/2 and 1/T,
respectively. Thus, the synthesized signal is expressed as

M—-1 oo

all] = Z Z Sm,n fmnll], (1)

m=0 n=—o0

where s, ,, is the real-valued data symbol at the frequency
index m and the time index n, and

M- . .
fmnm — f[l _ 717} e]27rml/]t[e]7r(m+n)/2’ )

is the modulated and phase-adjusted pulse-shape that carries
Smn-

In (2), f[!] is a prototype filter that is designed such that
for all pairs of (m,n) and (m',n’)

"

This property, which is known as orthogonality in the real
field, implies that the set of functions f,, ,[I], for all choices
of m and n, defines a basis set that carries the real-valued data
symbols s, ,,. These data symbols can be extracted from the
synthesized signal x[l] by projecting x[/] on the basis functions
fmn|l] and taking the real-part of the results. That is,

Sm.n = Ry, fnll]) }, 4)

and projection of z[l] on fi, ,,[l] is defined as

Z .f’rn,n [l]f;l’7n’ m} = 5'rnm/6nn’ . (3)

l=—00

o0

l=—00
Assuming a time-invariant channel, the received signal at
the receiver can be written as

rll) = h{l} > x[l] + nll], (6)

where h[l] represents multi-path channel impulse response
with length L and n[l] is additive white Gaussian noise
(AWGN) with the variance of o7, i.e., 7[l] ~ CN(0,07).

We define the analyzed/demodulated signal samples

Zm,n = <T[l], fmm, [l]>7 (N

and note that the data symbols s,, ,, are extracted by passing
the sequence z,, , through an equalizer and taking the real-
part of the output. In its simplest form, when the channel
is approximated by a flat gain across each subcarrier band,
a single-tap equalizer is sufficient. Since this approximation
is not always valid, a multi-tap equalizer may be favorable,
[31]. For the equalizer to provide a satisfactory performance,
accurate channel estimation is of a paramount importance.
Thus, the following section is focused on channel estimation.

III. CHANNEL ESTIMATION

In this section, we propose a spectrally efficient pilot
structure and a joint multiuser channel estimation technique
for the uplink of FBMC-based networks. We also provide
the estimation error characteristics of the proposed method.
This will be used in the following sections to mitigate the
imperfect CSI effects on the proposed channel equalization
techniques. In our proposed channel estimation method, we
use only L rather than M pilot subcarriers per user. Noting
that typically L < M, using L pilots significantly reduces the
signaling overhead. Moreover, to further reduce the signaling
overhead, guard bands are avoided between different users’
pilot subcarriers. However, to avoid interference between the
pilot and data symbols, we follow the previous literature,
[16], and insert a few guard symbols after pilot symbols. The
proposed pilot structure is presented in Fig. 1.

As we perform per antenna channel estimation, for the sake
of simplicity of the notations and without loss of generality,
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Fig. 1. Proposed pilot structure for channel estimation in the uplink. Different
users’ pilots are specified with different colors. Crossed circles and empty
circles represent data and zero symbols, respectively.

we drop the antenna index. We assume that K users transmit
their pilot symbols simultaneously. The pilot symbols that
are transmitted by the kth user are put together in the real-
valued column vector pr = [ph,p%, ... ,p’fvp_l]T, where we
assume equal number of pilots, IV, for all the users and the
associated demodulated vector at the receiver is the complex-
valued column vector and zy, = [z, 2%, - - - 2k, 1]T.
Following the SMT signal synthesis in (1) "and signal
analysis in (7), and straightforward manipulations lead to, [32],

zZ=Ah+ 7, (8)
where z = [zOT,... zr )% h = [bf,....h%k ||, n =
e, ... ,mk_1]% hy = [hg[0], ..., he[L—1]]" is the channel

vector of user k, 1, is the noise contribution to the received
pilot sequence of user k, and

A(? ST 5;—1

_ ¢ A, N

A= :1 : .. 1: ’ ®)
C?(—l C}(—l Ak-_1

The matrices Ay and C:f are of size NF’f x L and NI’fl x L,
respectively, and have the elements

Z Z Z /M kM
AkZL smn q_[’ ]f[q_nz?]
/ n/
2x(m/—mB)g  w(m 40 —mbnk) P
x el M e 2 e /M (10)
and
M kx M
E E E s fla—v—n"5)flg —ni* 5
/ ,n/
2m(m/—mFlyg a(m!4n/—mPlnF1) 2,”” .
x e’ M e’ 2 e , (1)
where (m¥, nk) is the pair of time-frequency indices that map

to the i¢th row of Aj;. We may also note that the columns
of Ay are aligned with the sample position in the respective
channel impulse response hy.

The matrix Ay is the gain factor indicating the contribution
of pilots transmitted by the user k£ on the respective demodu-
lated signals at the receiver. The matrix ¢ Ef on the other hand,

indicates the intrinsic interference produced by the pilots of
the user k5 on the demodulated signals of the user k1. Hence,
(8) decouples the users’ channel responses from their training
sequences. This enables accurate estimation of all the users’
channel impulse responses by taking into account the intrinsic
interference between the users’ pilot sequences.

We also note that overlapping of the subcarrier bands in
SMT introduces some correlation among the elements of the
noise vector 7). These correlations lead to a covariance matrix
Cpn whose impact on the minimum variance unbiased (MVU)
estimate of h is reflected in the following equation, [33],

h = (A"C;;A)'A"C, . (12)
The (i,j)th element of the covariance matrix Cj; may be
calculated as

Cﬁﬁ (7;7 j) :COV[Wmi,ni y T ,nj]

:E[nmf,n'n;fnj n,l - E[777n7:,m]E[77:1j,nj]
2m(mj—my)l  w(mjtnj—m;—n;)
l=—00

13)

where of] is the noise variance at the receiver input, and the
pairs of (m;,n;) and (m;,n;) are the pairs of time-frequency
indices that map to the ¢th and jth elements of 7. The structure
of this matrix is related to the order of the pilots assigned
to the users which forms the order of the pilots used in the
concatenated vector 7).

It is further noted that the presence of channel noise leads to
inaccurate channel estimates h. This adversely affects signal
detection. Hence, it is of a great importance to take the noise
characteristics into account at the detection stage. Based on
the results from estimation theory, [33], the channel estimation
MSE can be found as

MSE = tr{(A"CJA)"'}. (14)
This, in part, depends on pilot sets and prototype filter, hence,
can be pre-calculated off-line. There is also a proportionality
constant equal to the channel noise power that may be added
on-line.

For ease of derivations, we approximate the error variance
for all the taps of all the users’ channel estimates to be equal
to the average estimation error. Accordingly, the estimation
error for the channel tap [ between BS antenna 7 and user
k, Ah;[l], may be approximated by a complex Gaussian
distribution with zero mean and the variance

o _ MSE
¢ Kx L

15)

The accuracy of this approximation has been confirmed
through extensive empirical experiments. The simulation re-
sults that are presented in Section VI also confirm that this is
a fair approximation.

Our proposed equalization techniques in the following
section require the statistics of the estimation errors in the
frequency domain. Using Parseval’s theorem, one may realize



that estimation error at a given subcarrier m, also follows
complex Gaussian distribution with the variance

(16)

2 _ 5 2
oo = Log;.

That is, AHLF ~ CN(0,0%).

It may be further noted that the limited length of the channel
response in the time-domain implies that the estimation errors
AH};’@’“ , across different subcarriers, are not independent. Nev-
ertheless, since in this paper, signals from different subcarriers
are processed independently, such correlation has no relevant
impact on our receiver design and thus is ignored in the rest
of our discussions.

IV. MASSIVE MIMO FBMC: ASYMPTOTIC ANALYSIS
AND EQUALIZER DESIGN

In this section, we develop practical channel equalization
techniques for FBMC-based massive MIMO with co-located
and distributed antennas. To this end, we start with modifying
the existing PDP equalizer in [6] and propose an equalizer
shortening method that leads to a substantially reduced delay.
This, in particular, makes our proposal attractive for applica-
tions with stringent latency requirements. We also take note
that the PDP equalizer of [6] relies on the assumption that the
number of BS antennas is large. We propose a per-subcarrier
equivalent channel-based equalization technique that does not
rely on this assumption. This new design will be found instru-
mental in cell-free networks where the number of effective
antennas seen by each user terminal remains small and the
channel PDPs vary among different receiver antennas. The
proposed equivalent channel-based FSE also sets a benchmark
for evaluating the performance of the PDP equalizer of [6] and
its modified version here.

Let us consider a single-cell massive MIMO setup including
a BS equipped with IV antennas and K single-antenna users.
The received signal at a given antenna 7 can be expressed as

K-1

ril] = Z Tk

k=0

(] % h i [1] =+ mal], a7

where x[l] is user k transmit signal, 7;[I] ~ CN(0,07) is
the additive noise at BS antenna ¢ and h; 4 [l] is the channel
impulse response between user k and BS antenna i. We assume
that the BS antenna array is sufficiently compact and model
the channels between any given user k and all the BS antennas
with the same PDP, i.e., py[f] for £ =0,..., L — 1. Thus, the
channel taps h; [¢] follow the distribution CN (0, px[¢]) and
are independent of one another. Furthermore, we assume the
average transmit power of unity for each user terminal.

Stacking the demodulated signals corresponding to different
BS antennas, after phase adjustment (i.e., removing the phase
factor e/7(m+1)/2) but before taking the real part, into N x 1
vectors Z, ,, we have

+oo0 M-1

Zmn = § § Hmm’,nn’sm’,n/ + Mo ns (18)
n’=—oom’=0

where the vector s,,, ,, = [s%) sK—11T contains the real-

m,n’ o °mmn
valued data symbols of different users at the time-frequency

slot (m,n), n,, , is the contribution of noise, and Hp/ s
is the N x K gain matrix among data symbols across both
time and frequency with the elements of

s = Mg = /] 52 E - (19)
where fll] = f[[]e>™™/M and hYF n] = (full] *

hiwll] = f10) - Considering perfect synchronization and
knowledge of theQChannel, and using a per-subcarrier combiner
matrix W,,,, the data symbols of different users are estimated
as

S =R{WHz,,,}

+oo0 M-1
:ER{ Z Z Gmm/,nn/sm’,n’ +n;n,n}ﬂ (20)
n’=—oom’=0

where G/ nn = Wi Honm nn and ), , = Wiin, .
The common linear combiners, the maximum ratio combining
(MRC), the zero forcing (ZF) detector, and the minimum mean
square error (MMSE) detector, are respectively defined as

H,D.', for MRC,
W,, = { H,,(HIH,,)"!, for ZF, 1)
Hm(H Hm + UZIK) 1, for MMSE,

where H,, is the N x K channel matrix whose element,
(i,k) represents the channel gain at the center of a given
subcarrier m between user k£ and BS antenna ¢, i.e., ank £

lL;()l hi k[l]le™? *3" . In MRC, the K x K diagonal matrix
D,,, normalizes the combiner outputs with the coefficients
Dy = 3" [ Hy P

The authors in [6] have shown that even with an infinite
number of antennas, a residual interference remains at the
output of any of the above combiners. It has been also noted
that for a large number of antennas, all the above combiners
converge to %Hm, [34]. Accordingly, the equivalent channel
impulse response between the transmitted symbols at subcar-
rier m’ of terminal k' and the received and combined signal
at subcarrier m of BS output corresponding to terminal k£ may
be expressed as

k,k’
gmm/[ ]

(o [ B0 % f 1) e (22)

where

h(eqvlt

ok (23)

N—
Z H’L k 1, Kt ]
i=0

is the combined/equivalent channel between the user terminal
k' and the combiner output of the kth user over the subcarrier
band m.

In [6], it is shown that for a large number of antennas NV,
at the BS, hée(;‘,’lfrz [1] vanishes to zero, when k # k', and when

k=F, hkezvrli [I] in (22) may be replaced by

Pmkll] = pr[l]e??™m/M (24)

where py[l] is the channel PDP between the user terminal k
and the BS antennas.
It has been further argued in [6] that the presence of

hfjg,v“)[ 1] (equivalently, p, [{]dxk) in (22) breaks the Nyquist



property between the transmit and receive prototype filters.
Hence, a per subcarrier equalizer should be adopted to undo
the effect of hﬁfg,vfg [1]. Accordingly, [6] has proposed the zero
forcing equalizér7

P k(W) = 1/ Py i (w), (25)

where P, 1 (w) is the discrete-time Fourier transform (DTFT)

The rest of this section is organized as follows. We first
revisit the PDP-based equalizer design of [6], take note that
it is only applicable to large and co-located antenna systems,
mention some of the inherent problems of this design, and
propose a new design technique for resolving these problems.
Next, we note that in distributed antenna systems, where the
antennas that are attached to a BS are distributed over a
wide area for a higher diversity gain, [30], the underlying
channels have different PDPs and thus the PDP equalizer
design is not applicable. The same is true for cell-free MIMO
systems [35]. Moreover, we note that when the number of BS
antennas is small, the PDP equalizer may not be effective.
We thus propose a new equalizer design that can serve these
scenarios. Lastly, we take note that the distributed antenna/cell-
free systems need a special treatment to keep the same fairness
for all users in the network.

A. Large and co-located antenna systems

Further study of the above equalizer design reveals that,
[6], the equalizer (25) may be implemented at baseband, i.e.,
after the analysis filter bank, the M /2-fold decimation, and
the combining (20), but before taking the real-part. This,
obviously, reduces the complexity of the receiver significantly
as the equalizer is implemented at a reduced sampling rate.
The implemented equalizer in the baseband is the demodulated
and M /2-fold decimated version of ®,, (w), in the time
domain. Furthermore, the demodulated version of ®,, ;(w),
i.e., ®¢ ;(w), before decimation has to be band limited through
an antialiasing filter. Another point that needs to be noted
is that the baseband equalizer designed here is an FSE [36]
with tap-spacing of half symbol spacing. A detailed derivation
of a PDP-based FSE based on MMSE criterion is provided
in Appendix A. This design approach can be used for the
equivalent channel-based FSE as well.

In typical FBMC systems, the prototype filter is often cho-
sen to be a square-root Nyquist filter with an excess bandwidth
of 100%, equivalent to a roll-off factor & = 1. This leaves no
room for the transition band of the antialiasing filter that was
mentioned above. Hence, [6] has proposed the use of a brick-
wall antialiasing filter. Such brick-wall filter, unfortunately,
increases the length of the equalizer significantly. This leads
to both complexity and latency issues. Here, we propose a
modified design that solves these shortcomings of the PDP
equalizer design of [6].

We first note that for ¥k = &’ and m = m/, replacement of
(24) in (22) leads to

rimln] = (Fnll] > prllle? ™M s £ -

Noting that f,,[l] is a bandpass filter with a bandwidth of
2/M, centered at the subcarrier frequency f. = 1/M, and

(26)

following the basic theory of multirate signal processing [37],
[38], it is straightforward to show that g¥:* [n] is a baseband
signal that spans over the frequency band —ﬁ < f< ﬁ
It is also known that the decimation by M /2 may be viewed
as a demodulation process that removes the modulation factor
eI2mim/M from all the terms on the right-hand side of (26),
leading to
grln] = (/I pal1) 711, @n

where we have defined the pulse-shape gi[n] = g%k [n]. ,
noting that the right-hand side of (27) is independent of m.

The result in (27) shows that a common equalizer that
removes any inter-symbol interference (ISI) generated by
the pulse-shape gi[n] may be designed and applied to all
subcarrier signals at the FBMC receiver output, i.e., after
analysis filter bank, decimation, and combining. This equalizer
is a fractionally spaced one, [37], [39], that, for any m, covers
the m-th band of the filter bank, including the portions of
the band that overlap with the adjacent bands. It thus also
removes the intrinsic interference from the adjacent bands.
The equalizer design, here, may be a ZF or an MMSE one
that can provide a satisfactory performance with a very small
number of taps. As a result, our proposal here addresses the
aforementioned complexity and latency issues of the equalizer
in [6]. Numerical examples that show the impact of these
modifications on the design of the equalizer, when compared
to equalizer design of [6], are discussed in Section VI.

B. Small antenna systems

We first note that when the number of BS antennas is small,
the ZF or MMSE combiners significantly outperform MRC,
hence, should be adopted. When any of these combiners is
adopted, the equivalent channel response (23), for k = K/,
should be replaced by

N-1

( vlt) 'Lk;

hke(kl: m Z W 7 (28)
i=0

where the coefficients TW* are the combiner coefficients given
by the ZF or MMSE combiner in (21). Substituting (28) in (22)

leads to
N-1
Iim ] = [fm[] (Z(Wﬁk)*hi,k[lo *f;';[l}] :
" 29)

i=0
Following the discussions surrounding equations (26) and (27),
above, one will find that, here, g%:* [n] is a baseband pulse-
shape that, unlike gx[n] in (27), varies with the subcarrier
index m. Hence, here, for each subcarrier band, we propose
designing a ZF or MMSE equalizer that removes ISI in the
pulse-shape g¥:k [n] of (29). The numerical results that are
presented in Section VI show an excellent performance of this
design. In particular, we find that even for a small number
of BS antennas, when this equalizer design is applied to the
output of a ZF or MMSE combiner, the receiver performance
remains very similar to that of the single user performance.
This observation may be explained as follows. The ZF or
MMSE combiner removes most of the multi-user interference.
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The remaining distortion, which is limited to the user of
interest, is then removed by the equalizer.

C. Cell-free/distributed antenna systems

In this scenario, Nap distributed access points (APs) are
connected to a central processing unit (CPU) through a back-
haul network as in Fig 2. We consider a centralized processing
scenario in the uplink, similar to [35], where the CPU performs
detection by processing all the received signals from N total
antennas. It is worth mentioning that distinct APs are assigned
antenna indices that belong to mutually disjoint subsets of the
available antennas, i.e., a given antenna is only assigned to
one AP. In this work, without loss of generality, we consider
APs that are equipped with an equal number of antennas, i.e.,
NLAP antennas each.

In the previous cases, we assumed perfect power control.
Hence, we assumed the normalized PDP which would result in
> 1 Pik[l] = 1, for all pairs of 7 and k. In a cell-free/distributed
antenna scenario, »_, p; x[l] = ik, where §; ) is a large-
scale fading coefficient that depends on the distance between
a given user k and an antenna 7 and any shadowing effects,
[30], [40]. We assume the same normalized PDP and the large-
scale fading coefficient for a given user and all the antennas
of a given AP.

The presence of different large-scale fading coefficients with
large variations between a given user and APs in a cell-free
massive MIMO architecture results in fairness issues [30]. This
necessitates the application of effective power control methods
that can strike a balance between fairness and average SINR
performance [41]. Hence, here, we deploy the fractional power
control that is proposed for OFDM-based cell-free massive
MIMO in [42]. This is an extended form of the power control
method used in the long term evolution (LTE) standard. Based
on the results of [42], the power control coefficient for a given
user k£ in the uplink of a cell-free massive MIMO can be

obtained as
1

(NS By

where v is a design parameter to be set between 0.5 and 0.7,
[41], [43]. By changing v, we are able to adjust the trade-off

i o (30)

between fairness and average SINR. Thus, the transmit signal
of user k£ may be expressed as

M—-1 oo

ZEk[l] = Z Z \/[Tkslﬁmnfm,n[l]-

m=0 n=—o0

€29

This is a simple modification to (1) which leads to the
following modified form of the equivalent channel (28).

N—-1
RS = S (W) i L. (32)
1=0

The FSE design thus follows accordingly.

D. Summary

Fig. 3 summarizes our proposal in this section as a two-
stage equalization process following the analysis filter bank
(AFB) steps expressed by (18) and (19). The first stage is a
conventional linear combining that equalizes the channels at
the center of the subcarrier bands and separates different users’
signals. This stage can be thought of as a coarse equalization
and multiuser detection stage. In the second stage, the output
of the first stage is passed through a set of FSEs that repeat
for each subcarrier m and every user k for removal of any
residual ISI as well as any inter-carrier interference (ICI).

V. CHANNEL EQUALIZATION WITH IMPERFECT CSI

The equalizer designs that have been proposed so far are
based on the assumption of having perfect CSI at all the
BS antennas. Obviously, in practical systems, the presence of
channel estimation errors can adversely affect the performance
of these equalizers. Here, we use the results of Section III and
modify our proposed designs in Section IV to take the statistics
of the channel estimation errors into account in the detection
stage.

A. Large and co-located antenna systems

The combiners with imperfect CSI are derived by substi-
tuting H:F with HZ k= HLF + AHEF in (21). Here, to get
some insight, we look at these combiners by exploring their
performance in the asymptotic regime where N grows to a
large value.

We recall that, in the case of MRC, D,, is a diagonal

matrix with the diagonal elements DXF = STNC1|HLk 2,
With imperfect CSI, this becomes
N-1
=D [H" + AHLEP. (33)
i=0

Assuming uncorrelated estimation errors and channel gains,
by the law of large numbers, in the asymptotic regime, D¥:*
converges to

NE{|H:* >} + NE{|AH:*?} = N + NoZ. (34)

Using a similar approach for the ZF combiner, it is not hard
to show that in the asymptotic regime HE Hm converges to
Dm Hence, the ZF combiner performance loss due to channel
estimation error follows that of the MRC.
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Fig. 3. The proposed two-stage equalization receiver structure. The first stage is a conventional linear combining that equalizes the channels at the center of
the subcarrier bands and separates different users’ signals. At the second stage, the output of the first stage is passed through a set of FSEs that repeat for a

given subcarrier m and a given user k for removal of any residual ISI and ICI.

In the MMSE combiner case, we argue that as N grows
large, o2 will become negligible when compared to N + NoZ;
and, hence, MMSE combiner will converge to the ZF combiner
which in the asymptotic regime is similar to the MRC. These
show that in the asymptotlc regime, all three combiners con-
verge to W,, WH Consequently, from (20), the
combmed/equlvalent channel between the transmit symbol at
subcarrier m’ of terminal &’ and the received one at subcarrier

m, at the kth combiner output converges to

N-1
1 o
e || [P — N} - (20 P 1 G &
k.k mH N(1+0'62f);( m) k[] (35)
Moreover, for large values of IV, (35), reduces to
Bl = T B{E) i)} G6)

1+J

Assuming independent channel responses for different users,
independent channel taps, and uncorrelated channel estimation
errors, one will find that

E[(HEE) hi o [[] = prll]e?™ ™M 0. 37
Thus, the equivalent channel converges to
h?f%““) 1] = Do [0k (38)
where
Prll] = 7 ’j‘;m (39)

The above results lead to the following conclusion. To com-
pensate for the imperfect CSI, the scaling factor 1/(1 + o)
should be added to the PDP Py, x[!]. This is equivalent to
adding the correction factor 1+ a2 to the designed equalizer.
The accuracy of this modified design is corroborated through
simulations in Section VL.

PDP approximation: In the imperfect CSI scenario, the knowl-
edge of channel statistics is not always available. Thus, we
propose to approximate the PDP by taking the average

]_Nil,\
ﬁkﬂ]::jv'§£:|hakﬂ}2

1=0

(40)

This is then replaced for pg[l] in (37).

B. Small antenna systems

Substituting the channel estimates in (28), we obtain the
equivalent channel estimate

N-1
]Algcezylt Z W1 k z W ] (41)
=0
where iLi_’k/ m = hi,k’ [l] + Ahi’k/ [l]
Here, for moderate and large values of N,
(eqvlt) 1 ik e
b mll) = o B B [} (42)

Assuming independent channel responses and uncorrelated
estimation errors,

i,k[l]}ejzmlm/M

L—-1
HEF)* hy 1] = Z E{n} . [']h

E{(

Ahz k’ }8j27rl m/M

+Z E{AR,

— pmk[ }5kk, + O—ctejzﬂlm/]w(skk/.

(43)
Hence, (42) can be written as
7 (eqvlt) (eqvlt) Uetékk ]27rlm/]\/1
hk,k’,m, m - hk,k’,m[l] + . (44)

1—|—a

where the second term on the right-hand side of (44) is due
to the effect of channel estimation errors. This can be simply
mitigated by subtracting the correction term 15‘5’“"’ ei2mlm/M
from the equivalent channel estimate (41) and demgmng the
equalizer based on the modified channel estimate. The efficacy

of this solution is corroborated by simulations in Section VI.

C. Cell-free/distributed antenna systems
Here, (41) is replaced by

N-1

SOV Vawhil],

=0

iL(qult) [l]

ke k' m (45)



Following the same line of derivations as in [34], as the
number of antennas, N, grows large, here, the combiners con-
verge to W,,, = diag([Zf\:Jl Bi0y s Zf\:}l Birk—1]) 'H,,.
Hence,

N—

> b

— sz
Yo ﬁlk+NJef i=0

R0

z Kk’ [l] } .
(46)

Also, assuming independent channel responses and uncorre-
lated estimation errors, one will find that

E{ H:rtk ", k/ } ZE{hz K’

. ’
}€j27l'l m/M

+ Z E{ AR 1) AR o [1] 727 ™M
I’=0

_ pi,kmejZTrlm/Mgkk/ + UgtejQWlm/M(Skk’- (47)

Substituting (47) in (46), leads to

N‘Tgt NI

ej27rlm/M
N-1 N 2 :
dlimo Bik+ Nog;

Bl = 0+

(48)

Similar to the co-located setup in the previous subsection, here,

. . No2, J/fxé ; ,
subtracting the correction factor %eﬂ”mﬂw
k o

from the equivalent channel estimate (45) and des1gn1ng the
equalizer based on the modified channel estimate, mitigates the
channel estimation error effects. This statement is confirmed
through computer simulations in the following section.

VI. SIMULATION RESULTS

In this section, we evaluate our mathematical developments
throughout the paper by computer simulations. We first present
a set of results for a single cell scenario with co-located
antennas at the BS. Then, simulation results that evaluate the
performance of the proposed methods in a cell-free scenario
are presented.

A. Single cell scenario

We consider QAM (quadrature amplitude modulation) sym-
bols to be transmitted over M = 64 subcarriers of the SMT
system with PHYDYAS prototype filter, [44], and overlapping
factor kK = 4. In our simulations, we use tap delay line-
C (TDL-C) 5G channel model, [45]. This model provides a
PDP based on a normalized root mean square (RMS) delay
spread. Following the instructions in [45], we randomly scale
the normalized RMS delay spreads for different users in each
simulation instance using a uniform distribution to achieve
the RMS delay spreads within the range [90 ns, 110 ns], i.e
for channels with moderate lengths. The reason for this is
that in realistic scenarios, PDPs between the users and the BS
antennas are different. Perfect power control is assumed and,
thus, the PDPs are normalized, i.e., we let ZIL:_Ol prll] =1
for Kk =0,..., K — 1. We consider the input signal-to-noise
ratio (SNR) of 10 dB at the BS antennas unless otherwise is
stated. We set the sampling frequency to 15.36 MHz. This

leads to the subcarrier spacing of 240 kHz, which is inline
with 5G NR specifications, [45]. We have obtained our results
for 1000 independent realizations of the channel with K =4
users.

The URLLC applications require the minimum possible
delay. Thus, finding a minimum acceptable equalizer length
is of a great importance. Fig. 4 shows the SINR performance
of the PDP-based FSE design as Lysg and the number of
base station antennas, N, vary. The result when the FSE is
absent is also presented. Our results show the efficacy of
the proposed FSE technique in removing the SINR saturation
problem of the single stage equalization, i.e., the one with
linear combining only. We also note that since in OFDM the
channel is frequency flat over each subcarrier band, OFDM
may be used as a benchmark for evaluating the efficacy
of the proposed two-stage equalization. For the first stage,
we consider ZF. For the channel scenario that is studied
here, we find that an FSE length of Lysgp = 3 leads to
a significant improvement over the case where there is no
FSE. The improvement approaches the performance of OFDM
for Lrsg = 9 and a minor deviation from this optimal
performance is observed as Lpgg decreases to the values of 7
and 5. It appears that in the present channel scenario Lrsg = 5
strikes a good balance between the receiver complexity and
latency, as well as its performance. Examining other channel
models, we have found that this compromise choice remains
the same over a wide range of channel conditions. Compared
to the FSE design presented in [6], where Lygg = 345, this
FSE length is two orders of magnitude smaller. The need for a
very long FSE in [6] was an outcome of using the brick-wall
antialiasing filter that was mentioned in Section IV.

In Fig. 5, we compare the uncoded bit error rate (BER)
performance of the FSE with different lengths in a scenario
with N = 100 BS antennas and the constellation size of 64-
QAM. From Fig. 5, one may realize that using the proposed
FSE brings a significant BER performance improvement even
when Lygg = 3. It is worth noting that for SNRs up to 5 dB,
the BER performance when Lysg = 3 is very close to those
with a longer Lrgg. At higher SNRs, this short equalizer leads
to a loss of less than 1 dB at the BER of 1075, Based on these
results, in the following experiments, we set Lysg = 5.

In Fig. 6, we evaluate the performance of our proposed FSE
with the length Lrpgg = 5 for different designs. The designs
that are presented are: (i) based on the equivalent channel (28);
(i1) based on the exact PDP that has been used to generate the
random channels; and (iii) based on the approximate/estimated
PDP (40). It is also assumed that the channel estimates are
perfect. These results show that the proposed FSE using
the equivalent channel and the exact PDP lead to about the
same performance. This is while the proposed FSE with the
approximate/estimated PDP leads to a negligible performance
loss. This loss is only observable for a large number of BS
antennas where the output SINR approaches a large value and
noise effects are no longer dominant. These results show that
when the second order statistics of the channel is available
at the BS, the computational burden for calculation of the
exact equivalent channel that needs to be treated separately at
different subcarriers can be avoided.
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choices of Lpgg are examined.

To study the imperfect CSI scenario, our proposed channel
estimation method in Section III is deployed. We insert k—1 =
3 guard symbols in time to isolate the preamble from the data
symbols. Considering the imperfect CSI statistics, in Fig. 7,
we study the efficacy of the proposed modified equalizers in
Section V. These results show that the modified equalizers
lead to an improved performance compared with the ones in
Section IV that do not take into account the imperfect CSI
effects. According to the results of Fig. 7, as the number of
BS antennas increases, imperfect CSI effects become more
problematic if not compensated.

Noting that channel estimation errors leading to imperfect
CSI depend on the noise level at the input of BS antennas, in
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Fig. 6. Output SINR vs. the number of BS antennas, N, for different FSE
designs. Perfect CSI is assumed and Lygg = 5.
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Fig. 7. Output SINR vs. the number of BS antennas, IV, for different FSE
designs. Lrgg = 5.

Fig. 8, we use estimated channels and study the output SINR
as a function of the input SNR for N = 200. Our results in this
figure show that as the input SNR increases, hence, noise level
decreases, channel estimates become more accurate, and thus,
the equalizers of Section IV achieve a similar performance to
the modified ones in Section V. On the other hand, at lower
values of SNR, the proposed modifications in Section V can
lead up to 6 dB SINR improvement. Last but not least, while
the single-stage equalization (i.e., linear combining only) leads
to about the same performance as the two-stage equalization
in the low SNR regime, the addition of the FSE (the second
stage) can lead to a gain of 10 dB or more at higher values
of SNR.
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B. Cell-free scenario

We perform simulations for a cell-free massive MIMO setup
with APs that are located on a regular grid in a 2 X 2 square
kilometers area. Each AP has 4 antennas. We deploy the
wrap-around technique of [35] to imitate an infinite area and
thus, avoid boundary effects. We consider K = 4 users that
take random locations in each realization. We consider the
same PDPs as the co-located setup. However, to take into
account the distribution of antennas/APs, large-scale fading
coefficients are added to different channels. The large-scale
fading coefficients are modeled according to the COST Hata
model as [46]

10log,((Bi k) = —135 — 35logyo(di k) — Xik, 49)
where d; ;, > 10 m is the distance between a given user k
and antenna 7 in kilometers and X; , ~ CA(0, 0% ) represents
shadowing effect with 0% = 8 dB. Variance of noise is
calculated using the noise figure as 0727 =K X kg X B x NF,
where C, kg, B, and NF are temperature in kelvin, Boltzmann
constant, bandwidth, and noise figure, respectively. Here, we
let K =290 K, kg = 1.3 x 1072 J/K, B = 20 MHz and
NF = 9 dB. The maximum transmit power of each user is
assumed to be 200 mW.

Fig. 9 illustrates the cumulative distribution function (CDF)
of the signal-to-interference ratio (SIR) performance for
FBMC- and OFDM-based cell-free MIMO setup having 9
APs in an area of 2 x 2 km and 4 users with and without
power control, i.e., ¥ = 0 and v = 1, respectively. The results
show that power control leads to more stable values (i.e., less
variation) in SIRs. This is inline with the previous results on
OFDM in the literature [42]. Our results, here, confirm that
the same is true for FBMC, and power control has almost
the same impact on both OFDM and FBMC. Following the
recommendations made in the literature, [41], [43] and [42],
in the rest of this section, we consider the fractional power
control with v = 0.5.

CDF

FBMC, v=0 | 4
FBMC, v=1
OFDM, v=0| |
OFDM,v=1

0 I I I I
-5 0 5 10 15 20

SIR(dB)

Fig. 9. Comparison of the empirical CDF of OFDM and FBMC while using
maximum power and power control.
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In Fig. 10, the SINR of our proposed two-stage FBMC
receiver is compared with an OFDM system, as a benchmark.
Here, the FSE has a length of Lysg = 5. CSI is assumed
to be known perfectly, and a ZF combiner is used as the
first equalization stage at the FBMC receiver. The close
performance of FBMC to OFDM confirms its efficacy. The
small deviation of FBMC from OFDM, here, is attributed to
the short length Lpgg = 5. It can be resolved by increasing
Lysg to 9, as in Fig. 4.

Fig. 11 presents simulation results for a case where CSI is
estimated. The improvement that results from the correction
term in (48) is also shown. Compared to the case of co-located
antennas, the amount of improvement is relatively small. This
difference may be attributed to the fact that in a distributed
antenna/cell-free scenario, the number of effective antennas
that serve each user remains small, no matter how large the
total number of antennas or the number of APs will be. The
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Fig. 11. Output SINR vs. number of APs, N4 p, for FSE design Lpsg = 5.

SINR improvement that is seen in Fig. 11 as Nap increases
is due to the fact that for large values of Nup, there are
always one or more APs near each user. Hence, the input
SNR improves as the number of effective antennas increases.

VII. CONCLUSION

In this work, we designed practical receivers for FBMC-
based massive MIMO in both co-located and distributed
antenna setups with perfect/imperfect knowledge of CSI. We
proposed a spectrally efficient channel estimation method that
acquires the channel impulse responses of all the users jointly.
Channel estimation error statistics were also calculated and
utilized to improve the receiver designs. We proposed a two-
stage equalization technique to improve on the performance
of the FBMC-based massive MIMO systems. The proposed
design consists of a linear combiner followed by a set of FSEs,
i.e., one for each subcarrier of each user. We studied three
different designs of the FSE. These designs may be thought of
as modifications to a previously published work in our group,
taking into account a number of needs in practical applications.
The emphasis was to (i) reduce the FSE length, hence, save
on the computational complexity and minimize the receiver
processing latency; (ii) introduce new designs that are appli-
cable to the more general applications, including distributed
antenna systems and the recently proposed cell-free network
architecture; (iii) take into account the channel estimation
errors. Finally, we demonstrated the successful performance
of the proposed designs through extensive numerical results.

APPENDIX A
FSE DERIVATION

In this appendix, we derive the FSE based on a MMSE-
based technique that can achieve the optimal performance. In
our derivations, we take a similar approach to [47] and [48],
and the exact equivalent channel after single-tap combining,
the PDP or its estimate is used as the input to the MMSE
equalizer.

Here, we provide PDP-based FSE derivation. It is worth
noting that PDP can be straightforwardly replaced with its
estimate in (40) or the equivalent channel that was calculated
in (28). From (20) and (21), we can obtain the time domain
residual channel after combining as

N-1
gl =3 WEE o [1] % pe €72 M s 1 [<1))
i=0
(50)
with the length of L, = (L%J + 1), where « is the

overlapping factor of the prototype filter. Thus, the demod-
ulated symbol of a given user k after combining, and before
taking the real part and phase adjustment in the time-frequency
bin (n,m) is obtained as

m+1  Lg/2-1

DI A

m/=m-— 1n’=—Lg/2
N-1 '

+szk Z fm 777[ ]) %7
=0 =

where 7% [n] = e/(m*TM)5 sk Let us consider a time domain
per-subcarrier per-user equahzer @, > With the length L.
Thus, the equalizer input for a given user, k, consists of Lg
demodulated samples that we stack in the vector y¥ [n] =

hint 1,y Ry

’Y’ln[ - TL/]
(51)

L yk [n— 2] T Assuming Ly
and using (51), we can represent the vector y* [n] as

m+1 N—-1
= Y G+ D WEw ],
m/=m—1 =0
(52)
where Q'm m 71¢xL,([ngkm/[—%]y "’gfr;fcm/[% -
1,00cz,]), Viln] = [y + 5 = 1], k= 5] is

the vector of Ly transmitted symbols by user k at subcarrier
m, and m;[n] = [ (2], mind —1],... min¥ — (L, +
kM + 1)}]T, where L/, = (Ly — 1)4". The matrix ¥, =
D7~Lipx(Lg)+n]\4)([f:z[_H%]v~-~7f;[ﬁ% - 1]701><L’¢]) per-
forms receiver filtering and decimation operations on noise
vector, where decimation matrix D is formed by the rows of
identity matrix of size %qu with the indices that are integer
multiples of %

The equalizer output at time n can be obtained as 7% [n] =
(],’)27 +Y" [n]. For the time-frequency symbol indices, m and n,
where (m+mn) is even and odd, the real and imaginary parts of
the equalizer output, respectively, provide the estimates of the
transmit symbols. As it is shown in [47], the MMSE equalizers
for pure imaginary and pure real symbols are identical. Here,
we consider the pure real case in the following, leading to the
equalizer output

R[]} = R{Ph ¥ ]}
= {1} Ry [n]}

+ (PR IS {yh ).

Due to the specific structure of SMT, the elements of v [n]
are pure real or imaginary. The real and imaginary parts of

(53)



the demodulated symbols, respectively, can be expanded as

m—+1
m/=m—1
+R{ Tl F ] (54)
and
m—+1 ke
S{ynlnll = Y S{Gmm Vi)
=m—1
+3{ Wil 0y ]} (55)
where gﬁ’i;fn, is formed by moving j from pure imaginary

elements of v [n] to the corresponding columns of gmm,,
and note that 4% [n] = R{~F[n]} and the elements of
the noise vector j, [n] have the variance of o2 = =
pORine [WiF|202. Using (53), the equalizer output can be
rearranged as

R{TE ]} = Gy o5 1]
T ek
ST D SIS
+\imﬁmk[n¥1), (56)
where
< _ (Rt kT R{yk [n]}
P = [%{%,kJ ’ Y] [C&{y,’;[n]}} ’

Sk,k 1]
ék’k _ §}%{gmm/} o

S (G Y]

and
T _ -%{‘Ijm} _%{‘I’m}
o= |5{w,) %{\Pm}}}

Thus, the MMSE equalizer (}bm , can be found by minimizing

B{| gy 155 (1] — A5 [0 — A k] P, (57)

where A, i is the equalizer delay, [47]. By setting derivatives
of (57) with respect to ¢,, ; equal to zero, the optimum
equalizer tap-weight vector is obtained as

m+1

~ okk  okk o LT\ 1
) ) T 2
¢m,k = ( Z gmm’(gmm’) + Uﬁ,mk\:[lm qlm)
m’/=m—1
o k.k
X gmm m,k>s

(58)

where 0,y is the vector of all zeros except at the element
Ay, r which is 1.
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